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PROGRAMOVÁNÍ

Disertačńı práce
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Introduction

Stochastic Programming

As reported by [4], the history of stochastic programming started at 1955 when the first the-
oretical paper by G. B. Dantzig was published. In the next decade, stochastic programming
found its most popular application - the portfolio selection problem - for which its author H.
Markowitz got the Nobel price.

From then, stochastic programming went through a significant development - there are many
researchers being engaged in the discipline all around the world. An international conference
devoted to stochastic programming is held each three years. Several monographs on stochastic
programming were published (e.g. [2], [17] or [38]). The bibliography of stochastic programming
kept by M. H. van der Vlerk counts up to 4000 citations (see [47]). Some parts of the current
state of the art of the discipline may be found in [40].

During the last fifty years, stochastic programming found many successful applications
mostly in finance, but also in transportation, energetics, hydrology, military planning and
many other areas.

Stochastic Programming Problem

A rather general definition of the stochastic programming problem is

inf
x∈X,P [h(x,ζ)≥0]≥1−α

Eg(x, ζ) (1)

where X is a set, ζ is a random element, h(•, •) and g(•, •) are some functions, α ∈ [0, 1] is
some constant and E denotes the (mathematical) expectation. However, since it is difficult to
deal with the problems of type (1) and, anyway, the problems with probabilistic constraints are
not used much in practice, we will concentrate on the problems of the type

inf
x∈X

Eg(x, ζ) (2)

where X does not depend on the probability measure, in the present work.1

A special (but frequently used) class of stochastic programming problems are multistage
programming problems. Here, the function g is defined by another multistage stochastic mini-
mization problem (see formula (3.1) of the present work for the exact definition).

1Problems of type (1) may be converted to (2) using extended arithmetics.
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Solution of Problems with Discrete Distribution

If the distribution of the random element in problem (2) is discrete with finite number of atoms
then the expectation in (2) has the form of a finite sum, hence the solution may be found using
methods of (deterministic) optimization.

However, if (2) is a multistage problem (with a discrete distribution at the first-stage problem
as well as at all its nested problems) then we would need to solve many (typically nonlinear)
problems to get the values of g. Therefore, the multistage problems with a discrete distribution
are usually transformed to the non-recursive form2 before they are solved (the reformulation
usually leads to nonlinear optimization problems with a very large number of constraints).

If (2) is a linear multistage programming problem (see [8] for the definition), then its solution
leads to a large (deterministic) linear programming problem. Hence, it may be solved using the
simplex algorithm, by means of an interior point method or, most preferably, using one of the
algorithms exploiting the special structure of the problem (the most popular are the methods
based on Benders decomposition).

For a survey concerning the solution of multistage stochastic programming problems with
a discrete distribution, see [10], chp. II.8. and references therein.

Solution of “Unsolvable” Problems

In many cases, however, the stochastic programming problems may not be solved using the
methods mentioned above - it usually happens when the distribution of ζ in (2) is either con-
tinuous (then we are typically unable to evaluate the expectation) or discrete with a large
number of atoms (then the solution of the problem exceeds the capacity of the present com-
puters). In both situations, the problem has to be solved approximately.

Two approaches to the solution of these problems have appeared: the methods based on
an approximation of the gradient (see [13], for instance) and the approach consisting in an
approximation of the original distribution by a simpler one. The present work deals with the
second approach. Particularly, three different methods of the original distribution approxima-
tion are examined and compared. Two of them have been widely discussed in the literature:
the replacement of the original distribution by a discrete one (we call it discretization) and
the replacement of the expectation Eg(x, ζ) by n−1 ∑n

i=1 g(x, ζi) where ζ1, ζ2, . . . , ζi is a ran-
dom sample from L(ζ) either generated by a random number generator (Monte Carlo sample)
or observed from the past (empirical estimate). The third method discussed in our work - a
combination the discretization and the Monte Carlo sampling - seems to be a new method of
stochastic programming approximation.

Discretization

The accuracy of the discretization of the stochastic programming problem (applied to the two-
stage linear programming problem) was first studied by Kall (in [15]). His results were further
generalized by Kaňková in [21] (the work deals with two stage non-linear programming) and in
[25] (the results are extended to the multistage stochastic programming problem with Markov
interstage dependence). To improve the accuracy of the approximation, Kall, Ruszczyński and
Frauendorfer designed a sequential approximating method (see [16]). In order to get the optimal

2See [8] for the discussion on the multistage programming problem re-formulations.
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discretization, Pflug (in [36]) suggests to approximate the original distribution by the discrete
one minimizing the Wasserstein distance to the original distribution. To make problems with
huge discrete distribution solvable, Dupačová, Gröve and Römisch (in [9]) introduce a technique
of optimal reduction of large scenarios (i.e. discrete distributions with a special structure, see
definition 1.2. of the present work) to smaller one.

Monte Carlo (Empirical estimating)

The idea of empirical estimation of stochastic programming problems appeared independently
at [48] of Wets and [19] of Kaňková. The subsequent work [20] of Kaňková gives a probabilis-
tic upper bound of the approximation error (this result is further generalized by Kaniovski,
King and Wets in [18]). Kaňková further extends her results to the case of time dependent
samples (in [22]) and to the case of multistage stochastic programming problems with Markov
dependence of data (in [26]). Dupačová and Wets (in [12]) obtain the asymptotic normality of
stochastic programming problem’s empirical estimates. The convergence of the Monte Carlo
approximation of multistage problems is studied by Shapiro (in [43]).

Another approach

A new approach consisting in using of the deterministic quasi-random sequences to approximate
the distribution of the original problem has been introduced by Pennanen and Koivu (see [35]).

Remark

More details on the current state of the art and further citations may be found in the text of
the present work.

The Present Work

Chapter 1 of the present work summarizes and extends results concerning the approximate com-
putation of expectations. Chapter 2 is devoted to one stage stochastic programming. Chapter
3 is studying multistage stochastic programming problems. Chapter 4 contains the conclusion.
In the Appendix, some results, cited in the present work, are listed.
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Notation

Definition.

• The symbol := stands for the words “is defined by”.

Special sets.

• Under R we shall understand the set of the real numbers. By Rk we shall mean Euclidean
space of dimension k (i.e. cartesian product of k spaces R).

• N = {1, 2, . . .} (the set of the natural numbers).

• The symbol C(X ) denotes the linear space of the continuous functions on X equipped by
the sup norm.

Sums.

• We use the convention that
∑0

i=1 ai = 0

Vectors and matrices.

• Typeface of vector symbols will be small bold (a, b, β for instance), symbols for matrices
will be capital bold (A, V ).

• The i-th component of the vector a is denoted by ai

• The notation [ai,j]i=1,...,m,j=1,...,n means the matrix with ai,j in the i-th row and in the j-th
column.

• The transposition of vectors and matrices is denoted by the symbol ′,

by |C|.

Intervals and special functions.

• (Bounded) closed intervals are denoted by brackets, e.g. [0, 1], open ones by parentheses,
e.g. (0, 1).

• The indicator function of a set M - i. e. the function being equal to one on the set M
and to zero outside the set M - is denoted by IM .

• The cartesian product of the sets Ai, i = 1, 2, . . . , n, is denoted by
∏n

i=1 Ai or A1 × A2 ×
. . .× An.
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Limits.

• The notation aν → a− means that the sequence {aν}∞ν=1 converges to a from the left.

• Similarly, aν → a+ means the convergence from the right.

• The notation aν → a denotes the convergence.

Sections and restrictions.

• Writing bullet (•) instead of an argument of a function means that we are speaking of
the section of a function with “bulleted” arguments varying.

• If h : A → B and S ⊆ A then h|S denotes the restriction of the mapping h to the set S.

Norms and Lipschitz functions.

• Notation ‖ ‖p, where p ∈ {1, 2, . . .}, means lp norm in Euclidean space (i.e. ‖x‖p =
p

√∑k
i=1 |xi|p).

• We say that the function f : S → R, S ⊂ Rk is lp-Lipschitz with constant K > 0 or
shortly lp-K-Lipschitz if |f(x)− f(y)| ≤ K‖x− y‖p for each x, y ∈ S.

Optimization.

• By arg miny∈Y f(y) we denote the set {z ∈ Y : f(z) = miny∈Y f(y)}

Rounding.

• The symbol bxc denotes the floor of number x, i. e. the greatest integer less or equal to
x.

• The symbol dxe stands for ceil of x, i. e. the smallest integer greater or equal then x.

Probability theory

• The words probability distribution are sometimes replaced by the abbreviation p.d.

• The distribution function of a random variable X defined as F (x) := P (x < X) shall be
mentioned as d.f. of X.

• The word density always means density with respect to the Lesbegue measure.

• By {xi, pi}n
i=1 we mean the discrete probability distribution with the atoms xi and the

corresponding probabilities pi. We allow the atoms of the distribution to coincide.

• If F is a one dimensional distribution function, then F−1 denotes its quantile (defined by
the formula F−1(y) = inf{e ∈ R : F (e) ≥ y}).

• The convergence in distribution is denoted by
D−→.

• We denote the normal distribution with the mean µ and the variance σ2 by N(µ, σ2).

• The words independent identically distributed are abbreviated as i.i.d.
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• The symbol L(X) means the distribution of the random element X.

• Notion σ(X) means the σ-algebra generated by random element X.

• The formula P ⊗Q denotes the product measure of the measures P and Q. The formula
A⊗ B denotes the product σ-algebra of the σ-algebras A and B.

• By writing X ≤ Y for some random variables X and Y we mean that X(ω) ≤ Y (ω) for
each elementary event ω.

Conditional probabilities

• Let X, Y be random vectors with a joint distribution P . By the words conditional
distribution of X given Y (denoted by L(X|Y )) we mean a regular version of the ran-
dom measure defined by the conditional probability P (•|σ(Y )) (see [45], p. 331 for the
definition of conditional probability and p. 338 for the definition of random measure).

• If X1, X2, . . . , Xm are random elements then, for readability, we sometimes write X̄i in-
stead of X1, X2, . . ., Xm. Further, if P1(•) is the marginal distribution of X1 and if
Pi(•|X1, X2, . . . , Xi−1) is the conditional distribution of Xi given the vector (X1, X2, . . .,
Xi−1), i = 2, 3, . . . , m, we sometimes take P1(•|X̄0) := P1(•) and E(X̄1|X̄0) := E(X̄1).
Moreover, if Fi(•|X̄i−1) denotes a conditional distribution function of Xi given X̄i−1 and
F1 is the “unconditional” distribution function of X1, we take F1(•|X̄0) := F1(•).

Integrals and expectations.

• Instead of the lengthy notation
∫

Ω
g(X(ω))dP (ω),

where Ω is the probability space, we shall write simply EP (ω)g(X(ω)) or EP g.

• Similarly, EP g(x) shall be used instead of
∫
Ω g(x, ω)dP (ω).

• The variance EP (X − EX)2 shall be denoted simply by varP X, the symbol covP (X,Y )
shall stand for the covariance.

• If there is no possible confusion then the symbol specifying the probability measure at E,
var or cov shall be omitted.

Rate of convergence.

• We write f(•) = O(g(x)) as x → s if lim supx→s |f(x)/g(x)| < ∞.

• We write f(x) = o(g(x)) as x → s if lim supx→s |f(x)/g(x)| = 0.

Convergence rate of random variables.

• Let Xn be a sequence of random variables. We write Xn = OP (na) if for each ε > 0 there
exists a constant Mε such that lim supn→∞ P [|Xn| ≥ naMε] ≤ ε.

• We write Xn = oP (na) as n →∞ if limn→∞ P [|Xn| ≥ naM ] = 0 for each M > 0.
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Chapter 1

Approximate Computation of
Expectation

1.1 Introduction

Consider the expression

EP g =
∫

Rk
g(x)dP (x)

where g : Rk → R is l1-K-Lipschitz1 function, P is a probability distribution defined on Borel σ-
algebra of Rk and k is some positive integer. Moreover, assume that the marginal distributions
of P have finite first absolute moments.

Since it follows from the Lipschitz property that

g(0)−K
k∑

i=1

|xi| ≤ g(x) ≤ g(0) + K
k∑

i=1

|xi|

it also holds that

g(0)−K
k∑

i=1

EPi(xi)|xi| ≤ EP (x)g(x) ≤ g(0) + K
k∑

i=1

EPi(xi)|xi|

(Pi denote the marginal distributions) so that the expectation EP g exists and is finite under
our assumptions.

1.2 Methods of Approximation of Expectation

Three different approaches to the approximate computation of EP g are considered in the present
Chapter: discretization (i.e. the replacement of P by a suitable discrete distribution), Monte
Carlo estimation (i.e. the approximation of EP g by an average of i.i.d. realizations of g)
and Quasi Monte Carlo (i.e. the partition of P ’s support into suitable regions, generating a
realization of the conditional distribution given each region and averaging the values).

1We work with the l1 norm for technical reasons. The one who wants to work with the other norms can use
the fact that all the norms are equivalent in finite dimensional space, see [29], paragraph A.1.7.
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1.2.1 Discretization

By (simple) discretization we mean the estimation of EP g by EΠg where Π = {xi, pi}n
i=1

is the probability distribution concentrated in atoms x1,x2, . . . , xn with the corresponding
probabilities p1, p2, . . . , pn.

It should be mentioned that there exist more sophisticated methods of integral’s approxi-
mate computation then the simple discretization (e.g. various quadrature rules, see [5] for a
survey). However, these methods require the differentiability (of g) which is often missing in
stochastic programming problems. Therefore, we do not deal with these methods in the present
work.

Concerning simple discretization itself, assertions similar to ones presented in our work exist
(see [5], chp. 5.). However, these results do not cover the situation of unbounded support of
P , common in many applications.

Denote

e(Π, g) = |EΠg − EP g| (1.1)

the error risen by the discretization of P by Π and

e(Π) = sup
g is l1-K-Lipschitz

e(Π, g) (1.2)

its upper bound. For one-dimensional probability distributions P and Π, it is easy to compute
e(Π) using either an analytical formula (if possible) or a suitable numerical method:

Lemma 1.1. (Pflug [36]) If k = 1 then

e(Π) = K · dW (P, Π) (1.3)

where

dW (P, Π) = sup
g is l1-1-Lipschitz

|EΠg − EP g|

and it holds that

dW (P, Π) =
n∑

i=0

∫ xi+1

xi

|F (x)−
i∑

j=1

pj|dx (1.4)

(F denotes the distribution function of P , we suppose that x1 ≤ x2 ≤ . . . ≤ xn and we take
x0 = −∞, xn+1 = ∞ and

∑0
j=1 pj = 0 ).

Proof. The formula (1.3) is straightforward.

Ad (1.4): According to [46], it holds that

dW (P, Π) =
∫
|F (x)−G(x)|dx

where G is distribution function of Π. When we note that G|(xi,xi+1] =
∑i

j=1 pj we get (1.4).
2

Remark 1.1. The quantity dW (P, Π) is called Wasserstein distance of measures P and Π (see
[36], Definition 1, and [39], chapter 5.3., for details).

It could be difficult to compute e(Π) for k > 1. However, it is easy if Π belongs to a special
class of discretizations:
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Definition 1.1. Let n = m1 ·m2 ·. . .·mk for some positive integers m1,m2, . . . , mk. Distribution
Π = {xi, pi}n

i=1 is grid discretization of P with dimensions m1, m2, . . ., mk if there exist

−∞ = c1,0 < x1,1 ≤ c1,1 ≤ x1,2 ≤ . . . ≤ x1,m1 < c1,m1 = ∞,

−∞ = c2,0 < x2,1 ≤ c2,1 ≤ x2,2 ≤ . . . ≤ x2,m2 < c2,m2 = ∞,

. . .

−∞ = ck,0 < xk,1 ≤ ck,1 ≤ xk,k ≤ . . . ≤ xk,mk
< ck,mk

= ∞
fulfilling the following conditions: For each i ≤ i ≤ n there exist 1 ≤ j1 ≤ m1, 1 ≤ j2 ≤
m2, . . . , 1 ≤ jk ≤ mk such that

xi = (x1,j1 , x2,j2 , . . . , xk,jk
)

and
pi = P (Mj1,j2,...,jk

),

where
Mj1,j2,...,jk

= [c1,j1−1, c1,j1)× [c2,j2−1, c2,j2)× . . .× [ck,jk−1, ck,jk
)

(we take P ({−∞}) = 0).

Remark 1.2. (i) Denote Pi the i-th marginal distribution of P . If Π is grid discretization of
P with dimensions m1,m2, . . . , mk then

Πi = {xi,j, Pi([ci,j−1, ci,j))}mi

j=1

is the i-th marginal distribution of Π for each 1 ≤ i ≤ k.
(ii) Πi is grid discretization of Pi with dimension mi for each 1 ≤ i ≤ k.
(iii) Conversely, if

Πi = {xi,j, Pi([ci,j−1, ci,j))}mi

j=1

is grid discretization of Pi for each i = 1, 2, . . . , k then

Π = {(x1,j1 , x2,j1 , . . . , xk,jk
), P (Mj1,j2,...,jk

)}j1=1,2,...,m1,j2=1,2,...,m2,...,jk=1,2,...,mk

is grid discretization of P with dimensions m1,m2, . . . , mk (with probabilities defined by ci,j,
1 ≤ j ≤ mi − 1, 1 ≤ i ≤ k) such that Π1, Π2, . . . , Πk are its marginal distributions.

Lemma 1.2. Let Π be a grid discretization of P with dimensions m1,m2, . . . , mk. Then it
holds that

e(Π) =
k∑

i=1

K · dW (Πi, Pi)

where Pi and Πi, i = 1, 2, . . . , k are marginal distributions of P , Π respectively.

Proof. For each l1-K-Lipschitz function g it holds that

|EP g − EΠg| =

∣∣∣∣∣∣

∫

Rk
gdP −

m1,m2,...,mk∑

j1=1,j2=1,...,jk=1

g(x1,j1 , x2,j2 , . . . , xk,jk
)pj1,j2,...,jk

∣∣∣∣∣∣

=

∣∣∣∣∣∣

m1,m2,...,mk∑

j1,j2,...,jk=1

[∫

Mj1,j2,...,jk

gdP − g(x1,j1 , x2,j2 , . . . , xk,jk
)
∫

Mj1,j2,...,jk

dP

]∣∣∣∣∣∣
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= |
m1,m2,...,mk∑

j1,j2,...,jk=1

∫

Mj1,j2,...,jk

[g(ξ1, ξ2, . . . , ξk)

−g(x1,j1 , x2,j2 , . . . , xk,jk
)]dP (ξ1, ξ2, . . . , ξk)|

≤
m1,m2,...,mk∑

j1,j2,...,jk=1

∫

Mj1,j2,...,jk

K
k∑

i=1

|ξi − xi,ji
|dP (ξ1, ξ2, . . . , ξk)

=
k∑

i=1


K

m1,m2,...,mk∑

j1,j2,...,jk=1

∫

Mj1,j2,...,jk

|ξi − xi,ji
|dP (ξ1, ξ2, . . . , ξk)




=
k∑

i=1


K

mi∑

ji=1

∫
⋃

j1,...,ji−1,ji+1,...,jm
Mj1,j2,...,jk

|ξi − xi,ji
|dP (ξ1, ξ2, . . . , ξk)




=
k∑

i=1


K

mi∑

j=1

∫

R×...×R×[ci,j−1,ci,j)×R×...×R
|ξi − xi,j|dP (ξ1, ξ2, . . . , ξk)




=
k∑

i=1

Kdi (1.5)

where

di =
mi∑

j=1

∫

[ci,j−1,ci,j)
|ξ − xi,j|dFi(ξ),

Fi is the d.f. of Pi (we have used the triangular inequality and the Lipschitz property at the
”≤“). If we put

ḡ = K
k∑

i=1

ḡi, ḡi : R → R, ḡi(ξ) = |ξ − xi,j|+ ai,j for each ξ ∈ [ci,j−1, ci,j]

where the constants ai,j are chosen so that gi is continuous, then we get “=” instead of “≤” in
(1.5). Therefore and since ḡ is l1-K-Lipschitz we have

sup
h is l1-K-Lipschitz

|EP h− EΠh| = |EP ḡ − EΠḡ| =
k∑

i=1

Kdi. (1.6)

Moreover, it holds that

dW (Pi, Πi)
(1.3)
= sup

h is l1-1-Lipschitz

|EPi
h− EΠi

h| (1.6) with k = 1
= di (1.7)

for each i = 1, 2, . . . , k. By the combination of (1.6) and (1.7) we get the assertion of the
Lemma.
2

The following Theorem estimates how close to P we may get with mk-atom grid distribution.

Theorem 1.1. Let m be a positive integer. Denote F1, F2, . . . , Fk the marginal distribution
functions of P and assume that Fi is continuous for each i = 1, 2, . . . , k. Let Π̄ a be grid
discretization of P with dimensions m,m, . . . ,m defined by

xi,j := F−1
i

(
2j − 1

2m

)
i = 1, 2, . . . , k j = 1, 2, . . . , m, (1.8)

and

12



ci,j := F−1
i

(
j

m

)
i = 1, 2, . . . , k j = 1, 2, . . . , m− 1. (1.9)

Denote

ti(m) =
∫ F−1

i ( 1
2m

)

−∞
Fi(x)dx, ti(m) =

∫ ∞

F−1
i (1− 1

2m
)
[1− Fi(x)]dx, i = 1, 2, . . . , k.

Then it holds that

e(Π̄) ≤ emk , emk = K
k∑

i=1

[
ti(m) +

1

2m

(
F−1

i

(
1− 1

2m

)
− F−1

i

(
1

2m

))
+ ti(m)

]
(1.10)

Remark 1.3. ti(m) and ti(m) exist and are finite for each i = 1, 2, . . . , k, m ∈ N.

Proof of the Remark 1.3. The proof is well known: Using the integration by parts, we get

∫ 0

−∞
Fi(x)dx = [xFi(x)]0−∞ −

∫ 0

−∞
xdFi(x).

The finiteness of the second term follows from the finiteness of the Pi’s first moment. As to the
first term, it holds that

0 ≤ [xFi(x)]0−∞ = − lim
x→−∞xFi(x) = − lim

x→−∞

∫ x

−∞
xdFi(y) ≤ − lim

x→−∞

∫ x

−∞
ydFi(y) = 0

due to the finiteness of the first moment. Hence, ti(m) has to be finite. The proof for ti(m) is
similar.
2

Proof of the Theorem 1.1. It holds that Fi(F
−1
i (α)) ≤ α (if Fi(F

−1
i (α)) > α then, thanks to

the continuity of Fi from the left, there would exist x < F−1
i (α) such that F (x) > α which would

contradict the definition of F−1
i ). Moreover, we have that Fi(F

−1
i (α)+) ≥ α (the definition of

quantile implies that for each x > F−1
i (α) it holds that Fi(x) ≥ α so that for each sequence

xν > F−1
i (α) it should hold limν Fi(xν) ≥ α). Using it and the continuity of Fi we get that

Fi(F
−1
i (α)) = α (1.11)

for each α ∈ (0, 1), i = 1, 2, . . . , k.
Therefore, being 1 ≤ i ≤ k and 1 ≤ j ≤ m− 1 it holds that, for each ξ ∈ [xi,j, ci,j],

Fi(ci,j)− Fi(ξ) ≤ Fi(ci,j)− Fi(xi,j)
(1.11)
=

j

m
− 2j − 1

2m
=

1

2m

and, for each ξ ∈ [ci,j, xi,j+1],

Fi(ξ)− Fi(ci,j) ≤ Fi(xi,j+1)− Fi(ci,j)
(1.11)
=

2j + 1

2m
− j

m
=

1

2m
.

Thus, |Fi(ξ)− Fi(ci,j)| ≤ 1
2m

for each ξ ∈ [xi,j, xi,j+1], i = 1, 2, . . . , k, j = 1, 2, . . . , m− 1 and it
holds that

∫ xi,i+1

xi,j

|Fi(ξ)− Fi(ci,j)|dξ ≤ (xi,j+1 − xi,j)
1

2m
. (1.12)
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Using it we get

dW (Π̄i, Pi)
(1.3)
= ti(m) +

m−1∑

j=1

∫ xi,i+1

xi,j

|Fi(ξ)−
j∑

ν=1

[Fi(ci,ν)− F (ci,ν−1)]|dξ + ti(m)

= ti(m) +
m−1∑

j=1

∫ xi,i+1

xi,j

|Fi(ξ)− Fi(ci,j)|dξ + ti(m)

(1.12)

≤ ti(m) +
1

2m
(xi,m−1 − xi,1) + ti(m) (1.13)

for i = 1, 2, . . . , k (Π̄i and Pi denote marginal distribution of Π̄, P respectively) so that

e(Π̄)
Lemma 1.2.

= K
k∑

i=1

dW (Π̄i, Pi)
(1.13)

≤ K
k∑

i=1

[
ti(m) +

1

2m
(xi,m−1 − xi,1) + ti(m)

]
.

2

The following assertion states a lower bound of the discretization error.

Theorem 1.2. Let n = mk for some integer m > 1. Assume that p.d. P has a density f .
Then it holds, for each n-atom p.d. Π, that

e(Π) ≥ en > 0 (1.14)

where

en := sup
δ>0

en,δ,

en,δ = Kδ max

(
1

4m
− 1

4m2k2−k+1
,

1

2m
− (m2k−1 + 1)k+1 − 1

(k + 1)2m2k2+k

) ∞∑

i=1

k
√

Mk+1
iδ k!

and

Mz = µ{y ∈ R
k : f(y) ≥ z}

(µ denotes Lesbegue measure).

Before we prove the Theorem, we state two Lemma’s.

Lemma 1.3. Let A ⊆ Rk be a Borel set. Then it holds, for each nonnegative measurable
function h and z > 0, that

h(x) ≥ 1

z

∞∑

j=1

I{y:h(y)≥ j
z
}(x). (1.15)

and ∫

A
h(x)dx ≥ 1

z

∞∑

j=1

µ
(
A ∩

{
y : h(y) ≥ j

z

})
. (1.16)

Proof. It holds that

h(x) ≥ h(x) where h(x) =
bh(x)zc

z
=

1

z

∞∑

j=1

I{y:h(y)z≥j}(x) =
1

z

∞∑

j=1

I{y:h(y)≥ j
z
}(x).
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which proves (1.15). By integrating h over A we get (1.16).
2

Lemma 1.4. Let z be a k-dimensional vector and let v > 0 be a constant. It holds that

µ{y ∈ R
k : ‖y − z‖1 < v} =

2kvk

k!
.

where µ denotes the Lesbegue measure.

Proof. It suffices to take z = (0, 0, . . . , 0)′ (the translation preserves Lesbegue measure). We
prove the assertion by induction.
If k = 1 then the assertion is trivial.
Denote ψk : ψk(v) = µ{y ∈ Rk : ‖y‖1 < v}, k = 1, 2, . . . and assume that ψk−1(w) = 2k−1wk−1

(k−1)!

for each w > 0. Then it holds that

ψk(v) =
∫
{∑k

i=1
|yi|≤v

} dykdyk−1 . . . dy1 =
∫
{
|yk|≤v∧

∑k−1

i=1
|yi|≤v−|yk|

} dykdyk−1 . . . dy1

=
∫

{|yk|≤v}




∫
{∑k−1

i=1
|yi|≤v−|yk|

} dyk−1 . . . dy1


 dyk

=
∫ v

−v
ψk−1(v − |yk|)dyk = 2

∫ v

0
ψk−1(v − yk)dyk

u=v−yk= 2
∫ v

0
ψk−1(u)du. (1.17)

By evaluating (1.17) we get the assertion of the Lemma.
2

Proof of Theorem 1.2. Ad. en > 0. We show, by contradiction, the existence of such δ > 0
that en,δ > 0: If en,δ = 0 for each δ > 0 then necessarily Mδ = 0 for each δ > 0. If Mδ = 0 for
each δ > 0 then, for each measurable set A with finite Lesbegue measure, it would hold that

P (A) =
∫

A∩{y:f(y)≥δ}
f(y)dy +

∫

A∩{y:f(y)<δ}
f(y)dy

≤
∫

{y:f(y)≥δ}
f(y)dy +

∫

A∩{y:f(y)<δ}
f(y)dy

µ{y:f(y)≥δ}=0
=

∫

A∩{y:f(y)<δ}
f(y)dy ≤ δµ(A)

for each δ > 0, hence P (A) ≤ limδ→0 δµ(A) = 0. Since Rk can be covered by a countable system
of sets with finite Lesbegue measure it would hold that P (Rk) = 0 which is contradiction.

Ad. e(Π) ≥ en. Let Π = {xi, pi}n
i=1 be an n-atom probability distribution and let δ > 0 be a

real constant.
Consider the function g̃ : g̃(x) = K mini=1,2,...,n ‖x−xi‖1. It is obvious that g̃ is l1-K-Lipschitz
and it follows from (1.2), from basic properties of Lesbegue integral and from Lemma 1.3. that

e(Π) ≥
∣∣∣∣
∫

Rk
g̃dP −

∫

Rk
g̃dΠ

∣∣∣∣ =
∣∣∣∣
∫

Rk
g̃dP − 0

∣∣∣∣ =
∫

Rk
g̃(x)f(x)dx

(1.15)

≥
∫

Rk
g̃(x)

( ∞∑

i=1

δI{y:f(y)≥iδ}(x)

)
dx = δ

∞∑

i=1

∫

{y:f(y)≥iδ}
g̃(x)dx. (1.18)

Using Lemma 1.4. and the definition of g̃ we get that
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µ{y ∈ R
k : g̃(y) < ρ} = µ




n⋃

j=1

{y ∈ R
k : K‖y − xj‖1 < ρ}




≤
n∑

j=1

µ
(
{y ∈ R

k : K‖y − xj‖1 < ρ}
)

Lemma 1.4.
= n

2kρk

Kkk!

for each ρ > 0 so that

µ({y : f(y) ≥ iδ} ∩ {y : g̃(y) ≥ ρ}) ≥ max (0, µ({y : f(y) ≥ iδ})− µ({y : g̃(y) < ρ}))
≥ max

(
0,Miδ − n

2kρk

Kkk!

)
(1.19)

for each ρ > 0 and i = 1, 2, . . .. (We have used the fact that µ(A ∩ B) = µ(A ∩ B) + µ(¬B)−
µ(¬B) = µ((A ∩B) ∪ ¬B)− µ(¬B) ≥ µ((A ∩B) ∪ (A ∩ ¬B))− µ(¬B) = µ(A)− µ(¬B).)

By putting A = {y : f(y) > iδ}, h = g̃ and z = 2m2k

K k√Miδk!
in (1.16) and using (1.19) we get

∫

{y:f(y)>iδ}
g̃(x)dx ≥ K k

√
Miδk!

2m2k

∞∑

j=1

µ({y : f(y) > iδ} ∩ {y : g̃(y) ≥ j
K k
√

Miδk!

2m2k
})

≥ K k
√

Miδk!

2m2k

∞∑

j=1

max


0,Miδ − n

2k
(

jK k√Miδk!
2m2k

)k

Kkk!




=
K k
√

Miδk!

2m2k

∞∑

j=1

max

(
0,Miδ −mk Miδj

k

m2k2

)

=
K k

√
Mk+1

iδ k!

2m2k

∞∑

j=1

max

(
0, 1− jk

m2k2−k

)

=
K k

√
Mk+1

iδ k!

2m2k

m2k−1∑

j=1

(
1− jk

m2k2−k

)

= K k
√

Mk+1
iδ k!


 1

2m
− 1

2m2k2+k

m2k−1∑

j=1

jk


 . (1.20)

Let us estimate the sum two different ways (each being suitable for a different m and k). Since∑M
j=1 jk ≤ M(1+Mk)/2 for each M ∈ N (we have estimated the convex function jk by a linear

function) we have
m2k−1∑

j=1

jk ≤ m2k−1

2
(1 + mk(2k−1))

so that

1

2m
− 1

2m2k2+k

m2k−1∑

j=1

jk ≥ 1

2m
− 1

2m2k2+k

m2k−1

2

(
1 + mk(2k−1)

)

=
1

2m
− 1

4m2k2−k+1
− 1

4m
=

1

4m
− 1

4m2k2−k+1
. (1.21)
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Further, since

M∑

j=1

jk ≤
∫ M+1

1
jkdj =

[
jk+1

k + 1

]M+1

1

=
(M + 1)k+1 − 1

k + 1

for each M ∈ N, we have
m2k−1∑

j=1

jk ≤ (m2k−1 + 1)k+1 − 1

k + 1

so that

1

2m
− 1

2m2k2+k

m2k−1∑

j=1

jk ≥ 1

2m
− (m2k−1 + 1)k+1 − 1

(k + 1)2m2k2+k
(1.22)

Hence

e(Π)
(1.18)

≥ δ
∞∑

i=1

∫

{y:f(y)≥iδ}
g̃(x)dx

(1.20)

≥ δ
∞∑

i=1

K k
√

Mk+1
iδ k!


 1

2m
− 1

2m2k2+k

m2k−1∑

j=1

jk




(1.21),(1.22)

≥ δ
∞∑

i=1

K k
√

Mk+1
iδ k! max

(
1

4m
− 1

4m2k2−k+1
,

1

2m
− (m2k−1 + 1)k+1 − 1

(k + 1)2m2k2+k

)
.

2

Rate of Convergence

It is known (see [5], Theorem on p. 267) that if h : Rk → R is a function with finite variation
and H ⊂ Rk is a bounded set then the error of approximation of

∫
H h(x)dx by 1

n

∑n
i=1 h(xi),

where x1,x2, . . . , xn are suitably chosen points, is O(n−1/k). The present work generalizes this
result.

Theorem 1.3. Denote Fi, i = 1, 2, . . . , k, the marginal distribution functions of P . If there
exists a > 1 such that Fi(x) = O(|x|−a) as x → −∞ and 1 − Fi(x) = O(|x|−a) as x → ∞
for each i = 1, 2, . . . , k then a sequence {Πn}∞n=1 of at most n-atom distributions Πn can be
constructed such that

e(Πn) = O
(
n

1
k
(−1+1/a)

)
as n →∞.

Before we prove the Theorem, we state a useful result.

Lemma 1.5. Let S be distribution of one-dimensional real random variable defined by a
distribution function H, let C > 0 be some constant and let m > 2 be some positive integer.
Then there exists grid discretization Γ of S with at most m atoms such that

dW (Γ, S) ≤
∫ −C

−∞
H(ξ)dξ +

2C

m− 2
+

∫ ∞

C
[1−H(ξ)]dξ. (1.23)

Proof. Define

H−(ξ) :=

{
H(ξ) ξ ≤ −C
H(−C) ξ > −C,

H+(ξ) :=

{
0 ξ ≤ C
H(ξ)−H(C) ξ > C,
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and

H̃(ξ) :=





0 ξ ≤ −C
H(ξ)−H(−C) −C < ξ ≤ C
H(C)−H(−C) ξ > C.

By a simple calculation we get that H− + H̃ + H+ = H.
Further, define

G−(ξ) := H(−C)I(−C,∞)(ξ), ξ ∈ R,

G+(ξ) := [1−H(C)]I(C,∞)(ξ), ξ ∈ R

and

G̃(ξ) := H̃(H̃−1(D))I(−C,H̃−1(D)](ξ) +
m−2∑

i=2

H̃(H̃−1(iD))I(H̃−1((i−1)D),H̃−1(iD)](ξ)

+H̃(C)I(H̃−1((m−2)D),∞)(ξ), ξ ∈ R

where D = H̃(C)
m−2

and H̃−1(y) = inf{e ∈ R : H̃(e) ≥ y}. It is possible to show that H̃(H̃−1(d)) ≤
d and that H̃(H̃−1(d)+) ≥ d for each d ∈ (0, H̃(C)] (see the proof of Theorem 1.1.). Using it,
we can estimate: If ξ ∈ (−C, H̃−1(D)] then

|G̃(ξ)− H̃(ξ)| = |H̃(H̃−1(D))− H̃(ξ)| = H̃(H̃−1(D))− H̃(ξ)

≤ H̃(H̃−1(D)) ≤ D. (1.24)

If ξ ∈ (H̃−1((i− 1)D), H̃−1(iD)], 2 ≤ i ≤ m− 2, then

|G̃(ξ)− H̃(ξ)| = |H̃(H̃−1(iD))− H̃(ξ)| = H̃(H̃−1(iD))− H̃(ξ)

≤ H̃(H̃−1(iD))− H̃(H̃−1((i− 1)D)+) ≤ iD − (i− 1)D = D. (1.25)

Finally, if ξ ∈ (H̃−1((m− 2)D), C) then

|G̃(ξ)− H̃(ξ)| = |H̃(C)− H̃(ξ)| = H̃(C)− H̃(ξ)

≤ H̃(C)− H̃(H̃−1((m− 2)D)+)
def. of D

= H̃(C)− H̃(H̃−1(H̃(C))+) ≤ H̃(C)− H̃(C) = 0. (1.26)

Moreover, it follows from the definitions of G̃ and H̃ that

|G̃(ξ)− H̃(ξ)| = |0− 0| = 0 (1.27)

for ξ ∈ (−∞,−C] ∪ (C,∞). When we summarize (1.24), (1.25), (1.26) and (1.27) we get

|G̃(ξ)− H̃(ξ)| ≤ D · I(−C,H̃−1((m−2)D)](ξ)

and, using the fact that H̃−1((m− 2)D) = H̃−1(H̃(C)) ≤ C,

|G̃(ξ)− H̃(ξ)| ≤ D · I(−C,C](ξ). (1.28)

Define G := G− + G̃ + G+. Since limξ→−∞ G(ξ) = 0, limξ→∞ G(ξ) = 1 and G has at most
m jumps (at x1 := −C, x2 := H̃−1(D), x3 := H̃−1(2D), . . . , xm−1 := H̃−1((m − 2)D).xm := C,
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some of the values may coincide), G is distribution function of an at most m-atom discrete
probability distribution Γ. Using [46], triangular inequality, formula (1.28) and the definitions
of H−,H+,G− and G+, we gradually obtain

dW (Γ, S) =
∫
|G(ξ)−H(ξ)|dξ

≤
∫
|G−(ξ)−H−(ξ)|dξ +

∫
|G̃(ξ)− H̃(ξ)|dξ +

∫
|G+(ξ)−H+(ξ)|dξ

≤
∫
|G−(ξ)−H−(ξ)|dξ +

∫
[D · I(−C,C](ξ)]dξ +

∫
|G+(ξ)−H+(ξ)|dξ

=
∫ −C

−∞
H(ξ)dξ + 2CD +

∫ ∞

C
[1−H(ξ)]dξ

=
∫ −C

−∞
H(ξ)dξ + 2C

H̃(C)

m− 2
+

∫ ∞

C
[1−H(ξ)]dξ

H̃(C)≤1

≤
∫ −C

−∞
H(ξ)dξ +

2C

m− 2
+

∫ ∞

C
[1−H(ξ)]dξ.

It remains to prove that the distribution Γ is grid discretization, i.e. that there exist ci,
i = 1, 2, . . . , m − 1, such that x1 ≤ c1 ≤ x2 ≤ c2 ≤ x3 ≤ . . . ≤ cm−1 ≤ xm and Γ{xi} =
H(ci)−H(ci−1), i.e.

G(xi+1)−G(xi) = H(ci)−H(ci−1) (1.29)

for each i = 1, 2, . . . , m (we take xm+1 = ∞, G(xm+1) = 1, c0 = −∞, H(c0) = 0, cm = ∞ and
H(cm) = 1). Clearly, (1.29) holds if

G(xi+1) = H(ci)

for each i = 0, 1, 2, . . . , m−1. But if we put c1 = H̃−1(D), c2 = H̃−1(2D), . . . , cm−2 = H̃−1((m−
2)D) and cm−1 = C we see that

G(x1) = 0 = H(c0),

G(xi+1) = G(H̃−1(iD)) = H(−C) + H̃(H̃−1(iD)) = H(H̃−1(iD)) = H(ci)

for i = 1, 2, . . . , m− 2 and

G(xm) = G(C) = H(−C) + H̃(C) = H(C) = H(cm−1).

The three equalities above prove (1.29).
2

Proof of the Theorem 1.3. Denote Pi, i = 1, 2, . . . , k, the marginal distributions of P . By
using Lemma 1.5. we get that for each 1 ≤ i ≤ k and m ∈ N, there exists at most m-atom
discrete distribution Πm

i such that

dW (Πm
i , Pi) ≤ d̄m,i, dm,i =

∫ −m1/a

−∞
Fi(ξ)dξ +

2m1/a

m− 2
+

∫ ∞

m1/a
[1− Fi(ξ)]dξ (1.30)

(we have put C = m1/a in Lemma 1.5.).
Since, according to the assumptions of the Theorem, Fi(ξ) = O(|ξ|−a) as ξ → −∞, i.e.

lim sup
ξ→∞

Fi(−ξ)

ξ−a
= A

19



for some A < ∞, it has to exist ε > 0 and ξ0 such that Fi(−ξ) ≤ (A + ε)ξ−a for each ξ ≥ ξ0.
Therefore,

lim sup
m→∞

∫−m1/a

−∞ Fi(ξ)dξ

m−1+1/a
= lim sup

m→∞

∫∞
m1/a Fi(−ξ)dξ

m−1+1/a
≤ lim sup

m→∞

∫∞
m1/a(A + ε)ξ−adξ

m−1+1/a

= lim
m→∞

(A + ε)
[

ξ−a+1

−a+1

]∞
m1/a

m−1+1/a
= lim

m→∞
− A+ε
−a+1

m−1+1/a

m−1+1/a

=
A + ε

a− 1
< ∞.

i.e.
∫−m1/a

−∞ Fi(ξ)dξ = O(m−1+1/a). Similarly we get that
∫∞
m1/a [1− Fi(ξ)]dξ = O(m−1+1/a).

Clearly
2m1/a

m− 2
= O(m−1+1/a)

so that, due to (1.30),

d̄m,i = O(m−1+1/a) + O(m−1+1/a) + O(m−1+1/a) = O(m−1+1/a). (1.31)

Now we are able to construct the sequence of distributions whose existence is asserted by the

Theorem: Let n ∈ N and denote Πn the grid discretization defined by Π
bn1/kc
i , i = 1, 2, . . . , k

(see Remark 1.2., (iii)). Obviously, Πn has at most n atoms. Moreover, it holds that

e(Πn)
Lemma 1.2.

=
k∑

i=1

K · dW (Π
bn1/kc
i , Pi)

(1.30)

≤ K
k∑

i=1

d̄bn1/kc,i
(1.31)
= O

(
bn 1

k c−1+1/aA
)

= O
(
n
−1+1/a

k

)
.

2

Corollary. Let P have marginal densities fi(x) = e−φi(x), i = 1, 2, . . . , k, such that for some
constants C > 0, D > 0 and for each |x| ≥ D, it holds that φi(x) ≥ C|x|. Then there exists a
sequence of at most n-atom distributions Πn such that

e(Πn) = o(n−
1
k
+δ) as n →∞ (1.32)

for each arbitrarily small δ > 0.

Proof. Since it holds that

lim
m→∞

Fi(−m)

m− 2
kδ

= lim
m→∞

∫−m
−∞ e−φi(x)dx

m− 2
kδ

≤ lim
m→∞

∫−m
−∞ e−C|x|dx

m− 2
kδ

= lim
m→∞

∫−m
−∞ eCxdx

m− 2
kδ

= lim
m→∞

[
1
C
eCx

]−m

−∞
m− 2

kδ

= lim
m→∞

(1/C)e−Cm

m− 2
kδ

= 0,

we have that Fi(m) = O(|m|− 2
kδ ) as m → −∞. Similarly,

lim
m→∞

1− Fi(m)

m− 2
kδ

= lim
m→∞

∫∞
m fi(x)dx

m− 2
kδ

= 0
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so that Fi(m) = O(m− 2
kδ ) as m →∞. Hence, it follows from the Theorem 1.3. that there exists

a sequence of at most n-atom distributions Πn such that

e(Πn) = O
(
n

1
k(−1+ kδ

2 )
)

= O
(
n−

1
k
+ δ

2

)
= o

(
n−

1
k
+δ

)
.

for each 0 < δ ≤ 1/k.
2

Remark 1.4. Note that densities of the type Ce−h(x) are of the type e−φ(x) as well (φ(x) =
h(x)− ln C).

Remark 1.5. If P has density then for each sequence Πn of n-atom probability distributions
it holds that e(Πn) 6= o(n−1/k)

Proof of the Remark. Let Π
′n be a dn1/kek-atom distribution coinciding with Πn (we can

construct it by adding atoms with zero probability). It holds that

e(Πn) = e(Π
′n)

(1.14)

≥ C

(
1

4dn1/ke −
1

4dn1/ke2k2−k+1

)

≥ C

(
1

4(n1/k + 1)
− 1

4(n1/k)2k2−k+1

)

for some fixed C. Since

lim
n→∞

1
4(n1/k+1)

− 1

4(n1/k)2k2−k+1

n−1/k
> 0

it cannot be e(Πn) = o(n−1/k).
2

1.2.2 Monte Carlo

Another way of evaluating EP g is Monte-Carlo estimate 1
n

∑n
i=1 g(X i) where X1, X2, . . . , Xn

is an i.i.d. sample from P . The error of approximation then equals to

εn(g) = |En(g)|, En(g) :=
1

n

n∑

i=1

g(X i)− EP g.

Monte Carlo is a well known and widely used method of approximate evaluation of expectations.
Its great advantage consists in the fact that one need not necessarily know the distribution P
- it suffices to have a sufficiently large sample drawn from the distribution.

Our work formulates some upper bounds of approximation errors quantile

εn(α, g) := inf{e ∈ R : P [εn(g) < e] ≥ 1− α}.
in case that g is l1-Lipschitz.
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Upper Estimate of εn(α, g) Based on Large Deviations

First we state an upper bound of εn(α, g) based on the theory of large deviations. Our estimate
can hardly be used when n is large (it does not tend to zero as n → ∞), however, it may be
useful for a small n.

Theorem 1.4. Denote x̃ the vector of medians of P ’s marginal distributions and let the
probability measure P be such that

EP exp{θK‖X1‖1} (1.33)

exists and is finite for 0 ≤ θ ≤ θ0 where θ0 > 0. Then it holds, for each 0 ≤ θ ≤ θ0, that

εn(α, g) ≤ ε̂n(α) (1.34)

where

ε̂n(α) := K
∑k

i=1
E|X i − x̃i|

+ inf
0≤θ≤θ0

[
1

θ
ln

(
E exp

{
θK

∑k

i=1

∣∣∣X i − x̃i
∣∣∣
})

− 1

θn
ln(α)

]
.

Proof. Let X be a random vector with the distribution P and g be l1-K-Lipschitz function.
Using the triangular inequality (t.i.), Lipschitz property of g (L.p.), Theorem A.1. and the fact
that X i, i = 1, 2, . . . , k are i.i.d. we obtain

E exp{θ ∑n

i=1
|g(X i)− g(x̃)|}

L.p.

≤ E exp{θ ∑n

i=1
K‖X i − x̃‖1}

t.i.≤ E exp{θ ∑n

i=1
K(‖X i‖1 + ‖x̃‖1)}

= [exp{θK‖x̃‖1} × E exp{θK‖X‖1}]n
(1.33)
< ∞ (1.35)

and

P [|En(g)| ≥ x] = P
[∣∣∣

(∑n

i=1
g(X i)

)
− nEg(X)

∣∣∣ ≥ nx
]

t.i.≤ P
[∣∣∣

∑n

i=1
g(X i)− ng(x̃)

∣∣∣ + |ng(x̃)− nEg(X)| ≥ nx
]

= P
[∣∣∣

∑n

i=1
g(X i)− ng(x̃)

∣∣∣ + n |E[g(x̃)− g(X)]| ≥ nx
]

t.i.≤ P
[∑n

i=1
|g(X i)− ng(x̃)|+ nE |g(x̃)− g(X)| ≥ nx

]

= P
[∑n

i=1
|g(X i)− ng(x̃)| ≥ n (x− E |g(x̃)− g(X)|)

]

Theorem A.1.,(1.35)

≤ E
[
exp

{
θ

(∑n

i=1
|g(X i)− g(x̃)|

)}]

× exp{−θn[x− E|g(X)− g(x̃)|]}
i.i.d.
= [E (exp {θ [|g(X)− g(x̃)|]})× exp{−θx}

× exp{θE|g(x̃)− g(X)|}]n
L.p.

≤
[
E exp

{
θK

∑k

i=1

∣∣∣X i
1 − x̃i

∣∣∣
}
× exp{−θx}

× exp
{
θK

∑k

i=1
E|X i

1 − x̃i|
}]n

(1.36)
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for all x ∈ R. By putting x = ε̂n(α, θ) into (1.36) where

ε̂n(α, θ) := K
∑k

i=1
E|X i − x̃i|+ 1

θ
ln

(
E exp

{
θK

∑k

i=1

∣∣∣X i − x̃i
∣∣∣
})

− 1

θn
ln(α)

we get that

P [En(g) ≥ ε̂n(α, θ)]
(1.36)

≤
[
E exp

{
θK

∑k

i=1

∣∣∣X i − x̃i
∣∣∣
}

× exp{−θên(α, θ)} × exp
{
θK

∑k

i=1
E|X i − x̃i|

}]n

=
[
E exp

{
θK

∑k

i=1

∣∣∣X i − x̃i
∣∣∣
}

× exp
{
−θ

1

θ
ln

(
E exp

{
θK

∑k

i=1

∣∣∣X i − x̃i
∣∣∣
})}

× exp
{
−θ
−1

θn
ln(α)

}

× exp
{
−θK

∑k

i=1
E|X i − x̃i|

}

× exp
{
θK

∑k

i=1
E|X i − x̃i|

}]n

= α. (1.37)

Using it we obtain

εn(α, g) = inf{e ∈ R : P [|En(g)| < e] ≥ 1− α}
= inf{e ∈ R : P [|En(g)| ≥ e] ≤ α}

(1.37)

≤ ε̂n(α, θ)

for each 0 < θ < θ0 which proves (1.34).
2

Upper Estimate of εn(α, g) Based on Refinement of Central Limit Theorem

Since the upper bound stated by Theorem 1.4. is suitable only for the small n, another upper
bound is needed. We start with several auxiliary results.

Lemma 1.6. (Bounds of variance of l1-K-Lipschitz functions) Let marginal distributions of P
have finite variances. Then

V 2 ≤ sup
g is l1-K-Lipschitz

varP g ≤ V
2

(1.38)

where

V 2 = K2
k∑

i1=1

k∑

i2=1

vi1,i2 and V
2

= K2
k∑

i1=1

k∑

i2=1

√
vi1,i1vi2,i2 . (1.39)

where (vi1,i2)i1=1...k,i2=1...k is variance matrix of P .
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Proof. Let random vector X have distribution P .

Ad. the first “≤”. Put g(x) = K
∑k

i=1 xi. Since g is l1-K-Lipschitz function and since

var(g(X)) = V 2

the assertion is proved.

Ad the second “≤”. Let g be l1-K-Lipschitz. Then it holds that

var(g(X)) = E(g(X)− Eg(X))2

= E(g(X)− g(EX))2 − E(g(EX)− Eg(X))2

≤ E(g(X)− g(EX))2 ≤ E(K
k∑

i=1

|X i − EX i|)2

= K2
k∑

i1=1

k∑

i2=1

E|X i1 − EX i2||X i2 − EX i2|

≤ K2
k∑

i1=1

k∑

i2=1

√
var X i1 var X i2 = V

2

(we have used the Schwarz inequality at the last ≤).
2

Lemma 1.7. (Maximal third moment of l1-K-Lipschitz functions) Denote ei := E|X i−EX i|,
i = 1, 2, . . . , k and let

M3
i := E|X i − EX i|3 < ∞, i = 1, 2, . . . , k. (1.40)

Then it holds that

sup
g is l1-K-Lipschitz

E|g(X)− Eg(X)|3 ≤ M
3

where

M = K


 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

Mi1Mi2Mi3 +
k∑

i=1

ei


 (1.41)

Proof. Let random vector X have distribution P . We use the Lipschitz inequality (L.I.), the

triangular inequality (T.I.), the Minkowski inequality (E|X + Y |p) 1
p ≤ (E|X|p) 1

p + (E|Y |p) 1
p

for p ≥ 1 (M.I.), the Hőlder inequality (H.I.) and the Schwarz inequality (S.I.) in our proof
(see [45], p. 143, for M.I., H.I. and S.I.).

It holds, for arbitrary random variables X, Y and Z, that

E|XY Z| H.I.≤
(
E|X|3

) 1
3

(
E|Y | 32 |Z| 32

) 2
3

S.I.≤
(
E|X|3

) 1
3

([
E

(
|Y | 32

)2
E

(
|Z| 32

)2
] 1

2

) 2
3

=
(
E|X|3

) 1
3

(
E|Y |3

) 1
3

(
E|Z|3

) 1
3 (1.42)

24



so that

3

√
E|g(X)− Eg(X)|3 = 3

√
E|g(X)− g(EX) + g(EX)− Eg(X)|3

M.I.≤ 3

√
E|g(X)− g(EX)|3 + 3

√
|g(EX)− Eg(X)|3

= 3

√
E|g(X)− g(EX)|3 + |E(g(EX)− g(X))|

T.I.≤ 3

√
E|g(X)− g(EX)|3 + E|g(EX)− g(X)|

L.I.≤ K
3

√√√√√E

[
k∑

i=1

|X i − EX i|
]3

+ K
k∑

i=1

E|X i − EX i|

= K 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

E|X i1 − EX i1||X i2 − EX i2||X i3 − EX i3|

+K
k∑

i=1

E|X i − EX i|

(1.42)

≤ K 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

3
√

E|X i1 − EX i1|3 3
√

E|X i2 − EX i2|3 3
√

E|X i3 − EX i3|3

+K
k∑

i=1

E|X i − EX i| = K


 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

Mi1Mi2Mi3 +
k∑

i=1

ei


 .

2

The following Lemma provides an upper bound of P [εn(g) ≥ ∆].2

Lemma 1.8. Let the marginals of P have finite third moments. Then, for each l1-K-Lipschitz
function g, for each constant ∆ > 3Mn−2/3e1/3 and for each δ ∈ R such that

M 3
√

e
6
√

n
≤ δ ≤

√
n∆

3
(1.43)

it holds that

P [εn(g) ≥ ∆] ≤ Un(∆, δ) (1.44)

where

Un(∆, δ) = 2Φ

(
−
√

n∆− 3δ

V

)
+

90

1− e−1
· M

3

√
nδ3


1− ln


 M

3

√
nδ3





 , (1.45)

Φ is the standard normal distribution function and the values V and M are defined by Lemma
1.6., Lemma 1.7. respectively. Moreover, there exists n0 ∈ N,

lim
n≥n0,n→∞

Un(∆, δ) = 0.

2One may ask why we do not use the well known Berry Esseén inequality instead of constructing a new
bound. The reason is that one has to divide by the standard deviation of the converging variables to compute
the B-E bound. However, it is usually impossible to compute the standard deviation if we are not able to
compute the expectation. We even cannot make an upper estimate of the B-E bound: to do so we would have
to use a lower estimate of the standard deviation which we cannot have if we want a bound valid simultaneously
for all the Lipschitz functions.
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We shall use the following result in the proof of the Lemma.

Lemma 1.9. Let ξ1, . . . , ξn be independent random variables with Eξi = 0 for each i and
β =

∑
i E|ξi|3 finite. Let S := ξ1 + . . . + ξn. Then there exists random variable T ∼ N(0, var S)

such that, for each Borel A ⊂ R,

P [S ∈ A] ≤ P [T ∈ A3δ] + C0B (1 + | ln(1/B)|)
where B := βδ−3 and C0 = 90

1−e−1 (Aε denotes the ε-neighborhood of the set A).

Proof. See [37], p. 245, proof of Theorem < 10 >, formula < 15 > and the last formula of
the proof.
2

Proof of Lemma 1.8. If var(g) then the assertion is trivial. Assume that var(g) > 0. Denote

M3
n :=

n∑

i=1

E
∣∣∣n−1/2(g(X i)− EP g)

∣∣∣
3
.

It follows from Lemma 1.9. that, for each d > 0,

P
[√

nεn(g) ≥ d
]

= P
[
|√nEn(g)| ≥ d

]
≤ P [|T | ≥ d− 3δ] + C0ψ(δ−3M3

n) (1.46)

where ψ(B) = B(1 + | ln(1/B)|) and T is a random variable with distribution N(0, var(g)) (we
have put ξi = n−1/2(g(X i)− EP g) and A = (−∞,−d] ∪ [d,∞) in Lemma 1.9.).

Since

M3
n =

n∑

i=1

E

∣∣∣∣∣
1√
n

(g(X i)− Eg(X i))

∣∣∣∣∣
3

=
n

n3/2
E |g(X1)− Eg(X1)|3

=
1√
n

E |g(X1)− Eg(X1)|3
Lemma 1.7.≤ M

3

√
n

and due to (1.43) it holds that

δ−3M3
n ≤ δ−3n−1/2M

3 ≤ e−1. (1.47)

Since ψ is nondecreasing on (0, 1] (if B < 1 then it holds that ψ′(B) = [B(1 + | ln(1/B)|)]′
= [B(1 + ln(1/B))]′ = [B(1− ln(B))]′ = 1− ln(B)− B

B
= − ln(B) ≥ 0) we have

ψ(δ−3M3
n)

(1.47)

≤ ψ


 M

3

δ3
√

n


 . (1.48)

By using it and by putting d =
√

n∆ we get

P [|√nEn(g)| > √
n∆]− C0ψ

(
M

3
δ−3n−1/2

)

(1.46),(1.48)

≤ P
[
|T | ≥ √

n∆− 3δ
]

= P


|N(0, 1)| ≥

√
n∆− 3δ√
var(g)




δ≤
√

n∆
3=


1− Φ



√

n∆− 3δ√
var(g)





 + Φ


−

√
n∆− 3δ√
var(g)




= 2Φ


−

√
n∆− 3δ√
var(g)


 Lemma 1.6.≤ 2Φ

(
−
√

n∆− 3δ

V

)
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which proves (1.44).

Ad. the convergence. Un(∆, δ) can be rewritten as

2Φ(−n1/2C + D) + En−1/2 − Fn−1/2 ln(Gn−1/2)

where C,D, E, F,G ≥ 0. The first and the second summand trivially go to zero, the third one
is easy to prove to do so:

lim
n→∞n−1/2 ln(Gn−1/2) = lim

x→0
x ln(Gx) = lim

x→0

1/x

−1/x2
= 0

(we have used the well known l’Hospital rule).
2

When we fix n and ∆, the smallest of the upper bounds, stated by the previous Lemma, is

Un(∆) := min
Mn−1/6e1/3≤δ≤n1/2∆/3

Un(∆, δ). (1.49)

Lemma 1.10. Under the assumptions of the previous Lemma,

P [εn(g) ≥ ∆] ≤ Un(∆) (1.50)

where Un(∆) is defined by (1.49). Moreover, the problem (1.49) is convex (i. e. both its
feasibility set and its objective function are convex).

Proof. The formula (1.50) follows directly from Lemma 1.8.

Ad. the convexity of (1.49): Since the sum of two convex functions is convex, to prove the

convexity of Un(∆, •) it suffices to show the convexity of both ψ(M
3
n−1/2δ−3) and

U1(δ) := Φ

(
−
√

n∆− 3δ

V

)

(ψ is defined in the proof of the previous Lemma).
Ad. U1: ∂U1/∂δ = Dϕ((3δ −√n∆)/V ), where D is a positive constant and ϕ is the standard
normal density. Since ∂U1/∂δ is nondecreasing on (−∞,

√
n∆/3], the function U1 is convex

therein.

Ad ψ(M
3
n−1/2δ−3): If h is a differentiable function such that h < 1 then

[ψ(h)]′′ = (h(1− ln h)]′′ = [h′ − (h′ ln h + h′)]′ = −[h′ ln h]′ = −
[
h′′ ln h + (h′)2 1

h

]

When we put h(δ) = Cδ−3 where C = M
3
n−1/2 we get that

[ψ(Cδ−3)]′′ = −
[
12Cδ−5 ln(Cδ−3) + 9C2δ−8 1

Cδ−3

]
= −[12Cδ−5 ln(Cδ−3) + 9Cδ−5]

= −Cδ−5[12 ln(Cδ−3) + 9]

whenever Cδ−3 < 1. Clearly, [ψ(Cδ−3)]′′ ≥ 0 whenever Cδ−3 ≤ e−1. Since the latter inequality
holds true for each δ ∈ [Mn−1/6e1/3,∞), the function ψ(Cδ−3) has to be convex on the feasibility
set of (1.49).
2
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Remark 1.6. To find the solution of (1.49) it suffices to check the boundary points of the
feasibility set of (1.49) and the global minimum of the function Un(∆, •) which is uniquely
determined by equation

0 =
6

V
ϕ

(
−
√

n∆− 3δ

V

)
+

90

1− e−1
· 3M

3

√
nδ4

ln


 M

3

√
nδ3




(we have used the fact, proved in the proof of Lemma 1.8., that ψ′(B) = − ln(B) for each
B < 1, ϕ denotes the standard normal distributions density). Even if we are unable to solve
the equation analytically. the numerical solution is easy.

Finally, we can state an upper bound of the Monte Carlo error’s quantile.

Theorem 1.5. Let the marginal distributions of the distribution P have finite third moments,
let α ∈ (0, 1) and let g be l1-K-Lipschitz function. Then it holds that

εn(α, g) ≤ ε̃n(α) (1.51)

where

ε̃n(α) := min
∆,δ

∆ (1.52)

subject to

Un(∆, δ) ≤ α, (1.53)

Mn−1/6e1/3 ≤ δ, (1.54)

δ ≤ n1/2∆/3 (1.55)

(Un is defined by (1.45)). Moreover, the problem (1.52) is convex and it holds that

lim
n→∞ ε̃n(α) = 0.

Proof. Fix α and n. First we show that the right hand side of (1.52) is well defined: Since

lim
D→∞

Un(D, n1/2D/6) = 0,

there exists D1 ∈ R such that the vector (∆, δ) = (D, n1/2D/6) fulfils (1.53) for each D > D1.
Since (D,n1/2D/6) trivially fulfils (1.55) for each D ≥ 0 and since there exists D2 ∈ R such
that (D, n1/2D/6) fulfils (1.54) for each D ≥ D2, the problem (1.52) has to have at least one
feasible solution. Moreover, ε̃n(α) ≤ max(D1, D2), i.e. the minimum exists.

Further, we show the convexity of the problem described by (1.52), (1.53), (1.54), (1.55).
The function Un can be decomposed as

Un(∆, δ) = 2Φ(L(∆, δ)) + ψ(M
3
n−1/2δ−3)

where Φ is the standard normal distribution function, ψ is defined in the proof of Lemma
1.8. and L is some linear mapping from R2 into R. It was shown in the proof of Lemma

1.10.that ψ(M
3
n−1/2δ−3) is convex in δ on the set formed by (1.54) and (1.55). We prove that

Φ(L(•, •)) is convex on the same set. As mentioned above, Φ is convex for negative arguments.
However, the negativity of L is assured by (1.55). Since the superposition of a linear and a
convex functions is convex, Φ(L(∆, δ)) is convex on the set formed by (1.55). Hence, Un is

28



convex on the (convex) set formed by (1.54) and by (1.55). Therefore, the whole feasibility set
is convex. Because the objective function is linear, the problem (1.52) is convex.

Finally, we prove (1.51): Denote by (∆̂, δ̂) the optimal solution of the problem (1.52). Since
it follows from (1.54) and from (1.55) that ∆̂ ≥ 3Mn−2/3e1/3 and that δ̂ fulfils (1.43), we may
use Lemma 1.8. to get

P [εn(g) ≥ ε̃n(α)] = P [εn(g) ≥ ∆̂]
Lemma 1.8.,(1.54),(1.55)

≤ Un(∆̂, δ̂)
(1.53)

≤ α. (1.56)

Therefore

εn(α, g) = inf{e ∈ R : P [|En(g)| < e] ≥ 1− α}
= inf{e ∈ R : P [|En(g)| ≥ e] ≤ α}

(1.56)

≤ ẽ(α).

Ad. the convergence. Let ε > 0, 0 < ∆ ≤ ε and δ > 0. It follows from (1.54), from (1.55) and
from the fact that limn→∞ Un(∆, δ) = 0 (see Lemma 1.8.) that there exists n0 such that (∆, δ)
is feasible solution of (1.52) for n ≥ n0. Therefore, ε̃n(α) ≤ ε for n ≥ n0.
2

Limit Behavior of εn(α, g)

The following Theorem describes the limit of approximation error’s quantile.

Theorem 1.6. Denote Φ−1 the inverse of the standard normal distribution’s d.f. and assume
that the distribution P has finite variance matrix (vi1,i2)i1=1...k,i2=1...k. Let g be l1-K-Lipschitz
function. Then

lim
n→∞

√
n εn(α, g) ≤ ε(α) where ε(α) := V Φ−1

(
1− α

2

)
(1.57)

where V is defined by (1.39).

We shall use the following result in the proof of the Theorem.

Lemma 1.11. Let random variables Yn with d.f.’s Fn, n = 1, 2, . . ., converge in distribution to
a random variable Y with an increasing d.f. F . Then

lim
n→∞F−1

n (β) −→ F−1(β)

for each 0 < β < 1.

Proof. The assertion follows directly from [14], par. 5.37.
2

Proof of the Theorem 1.6. Since, according to Lemma 1.6. and to the assumptions of the
present Theorem,

var(
√

nEn(g)) = var g ≤ V < ∞
we may apply the Central Limit Theorem to get that

√
nEn(g)

D−→ N(0, var(g)).

By application of the Lemma 1.11. we get that
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√
nεn(α, g)

n→∞−→
√

var(g)Φ−1(1− α/2) ≤ V Φ−1(1− α/2).

2

Corollary. If P has finite variance matrix then

εn(α, g) = O(n−1/2) as n →∞.

for each l1-Lipschitz function g.

Proof. The assertion follows directly from Theorem 1.6.
2

1.2.3 Quasi Monte Carlo

Another way of the approximate computation of EP g is using a combination of discretization
and Monte Carlo. In the present work, we call the technique Quasi Monte Carlo but it should
be noted here that the name Quasi Monte Carlo is being used for a wide range of techniques,
most of them using quasi-random sequences instead of random ones (see [33]).

The author is grateful to professor Dupač who worked in this area already fifty years ago
(see [7]) and who inspired him to incorporate Quasi Monte Carlo into the present work.3

Before defining the Quasi Monte Carlo estimate, we shall formulate a useful assertion. It is
probably well known, however, the author could not find it in the literature, available to him.
The assertion provides a way how to get any k−dimensional random vector by a transformation
of a vector with a k-dimensional uniform distribution.

Lemma 1.12. Let U be a k-dimensional random vector with uniform distribution on [0, 1]×
[0, 1]× . . .× [0, 1] and let X be a k-dimensional real random vector. Let G1(•) be d. f. of L(X1)
and, for each i = 2, 3, . . . , k, let Gi(•|X1, X2, . . . , X i−1) be a d. f. of L(X i|X1,X2, . . . , X i−1).
Denote Q = L(X) and define

tQ :
k∏

i=1

[0, 1] → R
k,

t1
Q(u) = G−1(u1),

ti
Q(u) = G−1

i (ui|t1
Q(u), t2

Q(u), . . . , ti−1
Q (u))

for 1 < i < k. Then tQ is measurable with respect to the Borel σ-algebra of the k-dimensional
unit cube and

L(tQ(U )) = Q. (1.58)

Before we proceed, we formulate some helpful results. The first one is well known:

Lemma 1.13. If U is a random variable having one-dimensional uniform distribution and if
G is a distribution function then the random variable G−1(U) has distribution function G.

Proof. See [1], Theorem 4 on p. 15 and the notes below.
2

3Our technique is analogical to stratified sampling, particulary the case when exactly one observation is
drawn from each stratum.

30



Lemma 1.14. If G is distribution function then G−1(α) ≤ x if and only if G(x+) ≥ α.

Proof. If G(x+) ≥ α then there exists xν > x, xν → x such that G(xν) ≥ α for each ν so that
G−1(α) = inf{e : G(e) ≥ α} ≤ x. If G−1(α) = inf{e : G(e) ≥ α} ≤ x then, for each xν > x, it
has to hold that G(xν) ≥ α (otherwise G−1(α) > x) so that G(x+) = limν G(xν) ≥ α by the
limit transition.
2

Proof of Lemma 1.12. Since Rk is a complete separable metric space, L(X i|X1, . . . , X i−1)
exists according to [45], VI.1.21., hence the definition of tQ(U ) is correct.

Proof of measurability and of (1.58). We proceed by induction: We get from Lemma 1.14.

(
t1
Q

)−1
((−∞, x]) = {u : u ≤ G1(x+)} = [0, G1(x+)]

for each x ∈ R and, from Lemma 1.13.,

L(t1
Q(U 1)) = L(X1),

i.e. t1
Q is measurable and (1.58) holds for k = 1.

Induction step: Let k > 1. Assume that vector mapping (t1
Q, t2

Q, . . . , tk−1
Q )′ is measurable with

respect to Borel σ-algebra of k−1-dimensional unit cube (hence with respect to Borel σ-algebra
of k-dimensional unit cube) and that

L((t1
Q(U 1), t2

Q(U 1,U 2), . . . , tk−1
Q (U 1, . . . , U k−1))) = L((X1, . . . , Xk−1)). (1.59)

Ad. the measurability. It suffices to show that (tk
Q)−1((−∞, t]) is Borel set. Denote

ūν = (u1,u2, . . . , uν).

It holds that

(tk
Q)−1((−∞, t]) = {u : tk

Q(u) ≤ t} = {u : G−1
k (uk|t1

Q(ū1), . . . , tk−1
Q (ūk−1)) ≤ t}

Lemma 1.14.
= {u : Gk(t + |t1

Q(ū1), . . . , tk−1
Q (ūk−1)) ≥ uk}

= {u : Gk(t + |t1
Q(ū1), . . . , tk−1

Q (ūk−1))− uk ≥ 0}. (1.60)

Since Gk(t + |•) is the conditional probability of Borel set (0, t], it is measurable according
to [45], VI.1.1. Therefore and due to the facts that (t1, . . . , tk−1) is measurable by induction
assumption, that the superposition of two measurable mappings is measurable (see [30], A.3.5
(c)), that identity is measurable and that the sum of two measurable functions is measurable
(see [30] A.3.5.(a)) the function defining the set (1.60) is measurable hence the set is Borel.

Ad. (1.58). Denote R = L(tQ(U )),

t̄Q(u1, u2, . . . , uk−1) := (t1
Q(u1), . . . , t

k−1
Q (u1, . . . , uk−1))

′

and Q̄ = L(t̄Q). According to the induction assumption, the marginal distribution of the R′s
first k− 1 coordinates is identical to Q̄. To get R = Q it suffices to show that Q[C] = R[C] for
each C = A× (−∞, b) where A ⊆ Rk−1 is Borel set and b ∈ R.
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Denote Hi the i-dimensional unit cube. Gradually we get

R[C] =
∫

C
dR(τ ) =

∫

Rk
IC(τ )dR(τ )

R=L(tQ)
=

∫

Hk

IC(tQ(u1, u2, . . . , uk))du1du2 . . . duk

=
∫

Hk

I(−∞,b)(t
k
Q(u1, u2, . . . , uk))IA(t̄Q(u1, u2, . . . , uk−1))du1du2 . . . duk

=
∫

Hk−1

[∫

[0,1]
I(−∞,b)(t

k
Q(u1, u2, . . . , uk))duk

]

·IA(t̄Q(u1, u2, . . . , uk−1))du1du2 . . . duk−1

=
∫

Hk−1

[∫

[0,1]
I(−∞,b)(G

−1
k (uk|t̄Q(u1, u2, . . . , uk−1)))duk

]

·IA(t̄Q(u1, u2, . . . , uk−1))du1du2 . . . duk−1

Q̄ = L(t̄Q)

=
∫

Rk−1

[∫

[0,1]
I(−∞,b)(G

−1
k (uk|t1, t2, . . . , tk−1))duk

]

·IA(t1, t2, . . . , tk−1)dQ̄(t1, t2, . . . tk−1)

=
∫

A

[∫

[0,1]
I(−∞,b)(G

−1
k (uk|t1, t2, . . . , tk−1))duk

]
dQ̄(t1, t2, . . . tk−1)

Lemma 1.13.
=

∫

A

[∫

R
I(−∞,b)(tk)dGk(tk|t1, t2, . . . , tk))

]
dQ̄(t1, t2, . . . tk−1)

=
∫

A
Gk(b|t1, t2, . . . , tk−1)dQ̄(t1, t2, . . . , tk−1) = Q[C]

by the definition of conditional probability.
2

Denote mn = b k
√

nc. Our approximation method consists in the following steps:

1. We partition the unit cube to mk
n identical cubes.

2. We choose one observation from uniform distribution on each of the cubes.

3. We transform our observations using the superposition of the mapping tP with g.

4. We average the results.

The resulting value serves us as an estimator of Epg. Mathematically speaking, our estimator
equals to

Cn(g) :=
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

g(tP (U i1,i2,...,ik))

where U i1,i2,...,ik is a random vector having uniform distribution on the cube [ i1−1
mn

, i1
mn

] ×
[ i2−1

mn
, i2

mn
] × . . . × [ ik−1

mn
, ik

mn
] for each i1 = 1, 2, . . . ,mn, i2 = 1, 2, . . . , mn, . . . , ik = 1, 2, . . . , mn,

such that all the vectors U i1,i2,...,ik are mutually independent.
Denote

Γn(g) := Cn(g)− EP g (1.61)

the error of the approximation. Let U be random vector with k-dimensional uniform distribu-
tion defined on the unit cube. Then we can write
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Γn(g) = Cn(g)− EP g
Lemma 1.12.

= Cn(g)− E(g(tP (U ))

= Cn(g)−
∫

[0,1]×...×[0,1]
g(tP (u))du

=
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

g(tP (U i1,i2,...,ik))

− 1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

∫

[
i1−1

mn
,

i1
mn

]×...×[
ik−1

mn
,

ik
mn

]
g(tP (u))mk

ndu

=
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1[
g(tP (U i1,i2,...,ik))−

∫

[
i1−1

mn
,

i1
mn

]×...×[
ik−1

mn
,

ik
mn

]
g(tP (u))mk

ndu

]

=
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

[g(tP (U i1,i2,...,ik))− Eg(tP (U i1,i2,...,ik))] . (1.62)

Therefore

EΓn(g)
(1.62)
=

1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

[Eg(tP (U i1,i2,...,ik))− Eg(tP (U i1,i2,...,ik))] = 0

i.e. Cn(g) is an unbiased estimator of EP (g). We examine its variance and its asymptotic
properties.

Theorem 1.7. Let n ≥ 2k and let function g be l1-K-Lipschitz. Moreover, let

∂

∂u
F−1

λ (u|x1, x2, . . . , xλ−1)

exist for each u ∈ (0, 1), for each x1, x2, . . . , xλ−1 ∈ R and each 1 ≤ λ ≤ k (symbol F1(•)
denotes the marginal d.f. of the P ’s first coordinate, symbol Fλ(•|x1, . . . , xλ−1) denotes the d.f.
of the P ’s λ-th coordinate’s conditional distribution given the first λ − 1 coordinates) and let
there exist constants C > 0 and 0 ≤ a ≤ 1 such that

∂

∂u
F−1

λ (u|x1, x2, . . . , xλ−1) ≤ Cu−a (1.63)

for each 0 < u ≤ 1/2, x1, x2, . . . , xλ−1 ∈ R, 1 ≤ λ ≤ k, and

∂

∂u
F−1

λ (u|x1, x2, . . . , xλ−1) ≤ C(1− u)−a (1.64)

for each 1/2 ≤ u < 1, x1, x2, . . . , xλ−1 ∈ R, 1 ≤ λ ≤ k. Then

var(Γn(g)) ≤




(
1
3

(mn−2)k

mk
n

+ 1
(2−a)(1−a)

mk
n−(mn−2)k

mk
n

)
m2a−2−k

n K2k2C2 if a < 1(
2− 5(mn−2)k

3mk
n

)
m−k

n K2k2C2 if a = 1.
(1.65)

Proof. (i) Introduction. Re-index random vectors U 1,1,...,1, U 1,1,...,2,. . .,Umn,mn,...,mn as U 1,
U 2, . . ., Umk

n
and denote Hi the support of L(U i) for each i = 1, 2, . . . , mk

n. We can rewrite
(1.62) as
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Γn(g) = m−k
n

mk
n∑

i=1

Zi (1.66)

where Zi = g(tP (U i))− Eg(tP (U i)).

(ii) Ad. 0 ≤ a < 1. We start with the second moments of tλ
P (U i). Fix i and λ and assume that

the projection of Hi into the dimension λ is [q/mn, (q + 1)/mn] for some integer q fulfilling the
condition 0 ≤ q < mn/2.

Denote Hλ−1
i the projection of Hi into the first λ − 1 dimensions. Using the fact that

minc E(X − c)2 happens for c = EX for each random variable X we get that

var(tλ
P (U i)) =

∫

Hλ−1
i

∫ (q+1)/mn

q/mn

[F−1
λ (uλ|t1

P (u1), . . . , t
λ−1
P (u1, . . . , uλ−1))− E(tλ

P (U i))]
2

mλ
nduλduλ−1 . . . du1

≤
∫

Hλ−1
i

J(t1
P (u1), . . . , t

λ−1
P (u1, . . . , uλ−1))m

λ−1
n duλ−1 . . . du1 (1.67)

where

J(t1, . . . , tλ−1) =
∫ (q+1)/mn

q/mn

[F−1
λ (u|t1, . . . , tλ−1)− F−1

λ ((q + 1)/mn|t1, . . . , tλ−1)]
2mndu. (1.68)

For clarity, we shall write J instead of J(t1
P (u1), . . . , t

λ−1
P (u1, . . . , uλ−1)) and F−1

λ (•) instead of
F−1

λ (•|t1
P (u1), . . . , t

λ−1
P (u1, . . . , uλ−1)) in the following text.

If q = 0 then we may use inequality

F−1
λ (v)− F−1

λ (u) =
∫ v

u
(F−1

λ )′(x)dx ≤
∫ v

u
Cx−adx =

C

1− a
(v1−a − u1−a) (1.69)

to estimate

J =
∫ 1/mn

0
[F−1

λ (1/mn)− F−1
λ (u)]2mndu

≤
(

C

1− a

)2 ∫ 1/mn

0
[(1/mn)1−a − u1−a]2mndu

=
(

C

1− a

)2 ∫ 1/mn

0
[(1/mn)2−2a − 2(1/mn)1−au1−a + u2−2a]mndu

=
(

C

1− a

)2

mn

[
u(1/mn)2−2a − 2(1/mn)1−a u2−a

2− a
+

u3−2a

3− 2a

]1/mn

0

=
(

C

1− a

)2

mn

[
1− 2

2− a
+

1

3− 2a

]
(1/mn)3−2a

=
(

C

1− a

)2 [
1− 2

2− a
+

1

3− 2a

]
m2a−2

n

=
(

C

1− a

)2 [ −a

2− a
+

1

3− 2a

]
m2a−2

n

≤
(

C

1− a

)2 [ −a

2− a
+

1

2− a

]
m2a−2

n

=
(

C

1− a

)2 (
1− a

2− a

)
m2a−2

n = C2 1

(2− a)(1− a)
m2a−2

n (1.70)
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(we have used fact that 3− 2a ≥ 2− a for a ≤ 1 at the last “≤”) which implies that

var(tλ
P (U i))

(1.67),(1.70)

≤ C2 1

(2− a)(1− a)
m2a−2

n

∫

Hλ−1
i

mλ−1
n duλ−1 . . . du1 =

C2

(2− a)(1− a)
m2a−2

n

(1.71)
for q = 0.

Let 1 ≤ q ≤ mn/2−1. Using the Mean Value Theorem we get that, for each 0 < u < v < 1
2
,

F−1
λ (v)− F−1

λ (u) = (F−1
λ )′(b)(v − u) (1.72)

for some u ≤ b ≤ v. Therefore and due to the assumptions of the present Theorem, it holds
that

F−1
λ (v)− F−1

λ (u) ≤ Cb−a(v − u) ≤ Cu−a(v − u). (1.73)

Using it we get

J =
∫ (q+1)/mn

q/mn

[F−1
λ ((q + 1)/mn)− F−1

λ (u)]2mndu

≤
∫ (q+1)/mn

q/mn

[
Cu−a

(
q + 1

mn

− u
)]2

mndu

≤
∫ (q+1)/mn

q/mn

[
C

(
q

mn

)−a (
q + 1

mn

− u
)]2

mndu

= C2
(

q

mn

)−2a ∫ 1/mn

0
v2mndv

= C2
(

q

mn

)−2a

mn
m−3

n

3

≤ C2
(

1

mn

)−2a

mn
m−3

n

3
=

C2

3
m2a−2

n

so that

var(tλ
P (U i))

(1.67)

≤ C2

3
m2a−2

n (1.74)

for 1 ≤ q ≤ mn/2.
Finally, if mn is odd and q = mn/2− 1/2 then, similarly to (1.67),

var(tλ
P (U i)) ≤

∫

Hλ−1
i

∫ 1/2+1/(2mn)

1/2−1/(2mn)
[F−1

λ (uλ)− F−1
λ (1/2)]2mnduλduλ−1 . . . du1.

Analogically to (1.74), we get that

∫ 1/2

1/2−1/(2mn)
[F−1

λ (u)− F−1
λ (1/2)]2mndu ≤ 1

2

C2

3
m2a−2

n

and, using the symmetry, that

∫ 1/2+1/(2mn)

1/2
[F−1

λ (u)− F−1
λ (1/2)]2mndu ≤ 1

2

C2

3
m2a−2

n .

so that (1.74) holds also for mn odd and q = mn/2− 1/2.
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It can be easily proved using the symmetry that (1.74) holds for mn/2 ≤ q ≤ mn − 2 and
that (1.71) holds for q = mn − 1. Therefore and due to the previous calculations,

var(tλ
P (U i)) ≤

{
1

(2−a)(1−a)
C2m2a−2

n if q = 0 or q = mn − 1
1
3
C2m2a−2

n otherwise.
(1.75)

It is clear that if q = 0 or q = mn− 1 then the cube Hi touches the boundary of the unit cube.
Hence, if Hi does not touch the boundary of the unit cube then 0 < q < mn− 1 so that we get
that

var(tλ
P (U i)) ≤ 1

3
C2m2a−2

n

if Hi does not touch the boundary of the unit cube, and

var(tλ
P (U i)) ≤ max

(
1

(2− a)(1− a)
,
1

3

)
C2m2a−2

n =
1

(2− a)(1− a)
C2m2a−2

n

if Hi touches the boundary of the unit cube. Now we can use Lemma 1.6. to obtain

var(Zi) ≤ K2
k∑

i1=1

k∑

i2=1

√
var(ti1

P (U i)) var(ti2
P (U i))

≤
{

K2k2 1
(2−a)(1−a)

C2m2a−2
n if Hi touches the boundary of the unit cube

K2k2 1
3
C2m2a−2

n otherwise.
(1.76)

Since exactly (mn−2)k cubes Hi do not touch the boundary of the unit cube, we may estimate

mk
n∑

i=1

var Zi ≤ (mn − 2)kK2k2 1

3
C2m2a−2

n + [mk
n − (mn − 2)k]K2k2 1

(2− a)(1− a)
C2m2a−2

n

=

(
1

3
(mn − 2)k +

1

(2− a)(1− a)
[mk

n − (mn − 2)k]

)
m2a−2

n K2k2C2 (1.77)

so that

var(Γn(g)) = var


m−k

n

mk
n∑

i=1

Zi


 = m−2k

n

mk
n∑

i=1

var(Zi)

(1.77)

≤
(

1

3
(mn − 2)k +

1

(2− a)(1− a)
[mk

n − (mn − 2)k]

)
m2a−2−2k

n K2k2C2

which proves (1.65) for a < 1.

(iii) Ad. a = 1. We shall proceed analogously to (ii): Let 1 ≤ q ≤ mn/2 − 1. It follows from
the Mean Value Theorem and from (1.63) that for each 0 < u < v ≤ 1/2 there exist u ≤ b ≤ v
such that

F−1
λ (v)− F−1

λ (u) = (F−1
λ )′(b)(v − u) ≤ Cb−1(v − u) ≤ Cu−1(v − u). (1.78)

Therefore

J =
∫ (q+1)/mn

q/mn

[F−1
λ ((q + 1)/mn)− F−1

λ (u)]2mndu
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(1.78)

≤
∫ (q+1)/mn

q/mn

[
Cu−1

(
u− q

mn

)]2

mndu

≤
∫ (q+1)/mn

q/mn

[
C

(
1

mn

)−1 (
u− q

mn

)]2

mndu

= C2
(

1

mn

)−2 ∫ m−1
n

0
v2mndv = C2m2

nmn

[
v3/3

]m−1
n

0
= C2/3

(J is defined by (1.68).)
Let q = 0. Since it holds that

F−1
λ (v)− F−1

λ (u) =
∫ v

u
(F−1

λ )′(x)dx ≤
∫ v

u
Cx−1dx = C(ln v − ln u) (1.79)

we have

J =
∫ 1/mn

0
[F−1(1/mn)− F−1

λ (u)]2mndu

≤ C2
∫ 1/mn

0
[ln(1/mn)− ln u]2mndu

u= exp v
mn= C2

∫ 0

−∞
[ln(1/mn)− (v + ln(1/mn))]2mn

exp v

mn

dv

= C2
∫ 0

−∞
v2 exp v dv

= C2
([

v2 exp v
]0

−∞ − [2v exp v]0−∞ + 2
∫ 0

−∞
exp v dv

)

= 2C2.

Hence, after handling the middle interval in case of odd mn and using the symmetry the same
way as in (ii),

var(tλ
P (U i)

(1.67)

≤
{

2C2 if q = 0 or q = mn − 1
1
3
C2 otherwise.

and, consequently,

var(Zi) ≤
{

K2k22C2 if the cube Hi touches the boundary of the unit cube
K2k2 1

3
C2 otherwise

(1.80)

so that

var (Γn(g)) = var


m−k

n

mk
n∑

i=1

Zi


 = m−2k

n

mk
n∑

i=1

var(Zi)

(1.80)

≤ m−2k
n

(
1

3
(mn − 2)k + 2[mk

n − (mn − 2)k])
)

K2k2C2

= m−2k
n

(
2mk

n −
5

3
(mn − 2)k

)
K2k2C2

= m−k
n

(
2− 5(mn − 2)k

3mk
n

)
K2k2C2.
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which proves (1.65) for a = 1.
2

Corollary. Under the assumptions of the Theorem 1.7.,

Γn(g) = OP (n−
2−2a+k

2k ).

Proof. If a = 1 then 2−2a+k
2k

= 1
2

and we get using the Chebyshev inequality

P (|n1/2Γn(g)| ≥ ε) ≤ var(n1/2Γn(g))

ε2

(1.65)

≤ nm−k
n

ε2

(
2− 5(mn − 2)k

3mk
n

)
A

≤ (mn + 1)k

ε2mk
n

2A
n→∞−→ ε−22A

for some constant A ∈ R.
If a < 1 then there exists constant B > 0 such that

var
(
n

2−2a+k
2k Γn(g)

)
= n

2−2a+k
k var (Γn(g))

(1.65)

≤
(

1
3

(mn−2)k

mk
n

+ 1
(2−a)(1−a)

mk
n−(mn−2)k

mk
n

)
m2a−2−k

n B

(mn + 1)2a−2−k

n→∞−→ B/3

hence, we may use the Chebyshev inequality to get the assertion of the Corollary.
2

Remark 1.7. (distributions fulfilling the assumptions of Theorem 1.7.) The assumptions are
trivially satisfied by uniform distribution (with a = 0).

They are also fulfilled by the triangular distribution (defined by density

f(x) = I(0,α](x)α−2x + I(α,2α)(x)α−2(2α− x)

- its d.f. is F (x) = I(0,α](x)α−2x2/2+I(α,2α)(x)(1−(2α−x)2/(2α2) so that the quantile function

is F−1(u) = I(0,1/2](u)α
√

2u + I(1/2,1)(u)α
(
2−

√
2(1− u)

)
- we can thus put a = 1/2).

Exponential distribution trivially fulfils the assumptions of Theorem 1.7. with a = 1.
However, the constant a = 1 cannot be decreased in the case of exponential distribution: it

has quantile function −α ln
(

1−u
β

)
whose derivative γ/(1− u) does not satisfy the assumptions

for any a < 1 (α, β and γ are some constants).
Also the standard normal distribution fulfils them the assumptions of Theorem 1.7. with

a = 1: The derivative of its quantile function is (Φ−1)′ = 1/ϕ(Φ−1) where Φ is the standard
normal distribution function and ϕ is the standard normal density. We are asking whether
there exists C ∈ R such that 1/ϕ(Φ−1(u)) ≤ Cu−1. However, since

lim
u→0+

1/ϕ(Φ−1(u))

u−1
= lim

u→0+
u/ϕ(Φ−1(u)) = lim

x→−∞Φ(x)/ϕ(x) = lim
x→−∞

ϕ(x)

ϕ′(x)
= lim

x→−∞
ϕ(x)

xf(x)
= 0,

a constant C fulfilling (1.63) can be found (similarly with (1.64) and with non-standard normal
distribution).

However, a = 1 is the best constant in the case of the normal distribution: the derivative
of the standard normal distribution’s quantile is 1/ϕ(Φ−1(u)). The condition (1.63) can thus
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be written as 1/ϕ(Φ−1(u)) ≤ Cu−a, u ≤ 1/2, which is equivalent to 1/ϕ(x) ≤ CΦ−a(x), x ≤ 0,
which may be further reformulated as

Φa(x)/ϕ(x) ≤ C, (1.81)

x ≤ 0. For (1.81) to be fulfilled
lim

x→−∞Φa(x)/ϕ(x) (1.82)

has to be finite. We show the converse.
Let 0 ≤ a < 1. If a = 0 then (1.82) is trivially infinite. Let a > 0. If the limit (1.82) was

finite then it would hold that

lim
x→−∞Φa(x)/ϕ(x) =

(
lim

x→−∞Φ(x)/ϕ1/a(x)
)a

< ∞.

However, using the l’Hospital rule twice, we get

lim
x→−∞

Φ(x)

ϕ1/a(x)
l′H.R.
= lim

x→−∞ a
ϕ(x)

ϕ′(x)ϕ1/a−1(x)
= lim

x→−∞ a
ϕ(x)

−xϕ(x)ϕ1/a−1(x)

= lim
x→−∞ a

ϕ1−1/a(x)

−x
l′H.R.
= lim

x→−∞−a(1− 1/a)ϕ−1/a(x)ϕ′(x)

= lim
x→−∞ a(1/a− 1)ϕ−1/a(x)xϕ(x) = lim

x→−∞ a(1/a− 1)ϕ1−1/a(x)x

= ∞.

1.2.4 MSE Comparison

The question may arise, which form of approximation is “better”: whether discretization, Monte
Carlo or Quasi Monte Carlo. It may be difficult to answer the question since the discretization
error is a constant while the (Quasi) Monte Carlo one is a random variable. However, we can
use the measure applicable to both the deterministic and the random variables - the mean
square error (MSE), i.e. to compare (upper bounds of) the MSE of the discretization error

ρD
n (Πn, g) := (e(Πn, g))2

with the MSE of Monte Carlo error

ρM
n (g) := Eεn(g)2 = EEn(g)2 = var(En(g)) =

1

n
var(g)

and with MSE of Quasi Monte Carlo

ρQ
n (g) := EΓn(g)2 = var(Γn(g)).

Assume that the variance of g is unknown to us but we know that g is l1-K-Lipschitz.
If n = mk for some integer m, if marginal distribution functions of P are continuous and if

Πn is defined by the relations (1.8) and (1.9) with m = n1/k then it holds that

ρD
n (Πn, g) ≤ ρ̄D

n , ρ̄D
n := ēn

(see (1.10) for definition of ē2
n).

If P has finite variance matrix then
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ρM
n (g) ≤ ρ̄M

n , ρ̄M
n = V

2
/n

(V is defined by (1.39)).
Finally, if the assumptions of Theorem 1.7. are fulfilled for some a < 1 then

ρQ
n (g) ≤ ρ̄Q

n ,

ρ̄Q
n =

(
1

3

(m− 2)k

mk
+

1

(2− a)(1− a)

mk − (m− 2)k

mk

)
m2a−2−kK2k2C2

(a and C are defined at Theorem 1.7.).

1.3 Numerical Illustration

Assume, during all subsection 1.3, that the distribution P is jointly uniform with zero mean, i.
e. its density is of the form

f(x) =
1

∏k
i=1(2ai)

IM(x), where M =
k∏

i=1

[−ai, ai] (1.83)

for some a1 > 0, a2 > 0, . . . , ak > 0.

1.3.1 Discretization

Still it could be rather complicated to evaluate en(Π), defined by (1.2), for general discretization
Π. However, it is easy to calculate it for a grid discretization (see Definition 1.1.).

For instance, if n = mk for some m, the error e(Π̄n), where Π̄n is defined in Theorem 1.1.,
is, according to Lemma 1.2.,

e(Π̄n) = K
k∑

i=1

m∑

j=1

∫ −ai+2aij/m

−ai+2ai(j−1)/m

∣∣∣∣∣ξ −
([
−ai +

2ai(j − 1)

m

]
+

ai

m

)∣∣∣∣∣
1

2ai

dξ

= K
k∑

i=1

(
m

2ai

∫ 2ai/m

0

∣∣∣∣u−
ai

m

∣∣∣∣ du

)
= K

k∑

i=1

(
m

2ai

a2
i

m2

)
=

K

2m

k∑

i=1

ai

The bounds en,δ and en (introduced by Theorem 1.2. and by Theorem 1.1.) can also be easily
calculated: The marginal distribution functions of the jointly uniform distribution with the
density (1.83) are

Hi(x) =
1

2
+

1

2ai

x

for x ∈ [−ai, ai] so that, in case that n = mk for some m ∈ N ,

ti(m) = ti(m) =
∫ −ai+ai/m

−ai

Hi(x)dx =
ai

4m2

(see Theorem 1.1. for definition of ti(m) and ti(m)). Hence, the upper bound introduced by
Theorem 1.1. is
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en = K
k∑

i=1

[
ai

4m2
+

1

2m

([
ai − ai

m

]
−

[
−ai +

ai

m

])
+

ai

4m2

]

= K
k∑

i=1

[
ai

4m2
+

2ai

2m
− 2ai

2m2
+

ai

4m2

]

= K
k∑

i=1

[
ai

m
− ai

2m2

]
= K

(
1

m
− 1

2m2

) k∑

i=1

ai (1.84)

while the lower bound en,δ from Theorem 1.2. comes out as

en,δ =
K

∏k
i=1(2ai)

max

(
1

4m
− 1

4m2k2−k+1
,

1

2m
− (m2k−1 + 1)k+1 − 1

(k + 1)2m2k2+k

)
k

√√√√√k!

[
k∏

i=1

(2ai)

]k+1

= K max

(
1

4m
− 1

4m2k2−k+1
,

1

2m
− (m2k−1 + 1)k+1 − 1

(k + 1)2m2k2+k

)
k

√√√√k!
k∏

i=1

(2ai)

(we have put δ = 1∏k

i=1
(2ai)

in Theorem 1.2.).

The following table shows the values of the discretization error e(Π̄n), its upper bound en

and its lower bound en,δ for various m and k, K = 1 and a1 = a2 = . . . = ak = 1/2:

n = mk k = 1 2 3 4 5 6 7 8 9 10
m = 2 2 4 8 16 32 64 128 256 512 1024

3 3 9 27 81 243 729 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625

e(Π̄n)
m = 2 0,125 0,25 0,375 0,5 0,625 0,75 0,875 1 1,125 1,25

3 0,0833 0,1667 0,25 0,3333 0,4167 0,5 0,5833 0,6667 0,75 0,8333
4 0,0625 0,125 0,1875 0,25 0,3125 0,375 0,4375 0,5 0,5625 0,625
5 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45 0,5

en

m = 2 0,1875 0,375 0,5625 0,75 0,9375 1,125 1,3125 1,5 1,6875 1,875
3 0,1389 0,2778 0,4167 0,5556 0,6944 0,8333 0,9722 1,1111 1,25 1,3889
4 0,1094 0,2188 0,3281 0,4375 0,5469 0,6563 0,7656 0,875 0,9844 1,0938
5 0,09 0,18 0,27 0,36 0,45 0,54 0,63 0,72 0,81 0,9

en,δ

m = 2 0,0625 0,186 0,3258 0,4383 0,5415 0,6412 0,7393 0,8365 0,9331 1,0293
3 0,0556 0,1481 0,2259 0,2949 0,3618 0,4277 0,4929 0,5577 0,6221 0,6862
4 0,0469 0,115 0,1701 0,2213 0,2714 0,3208 0,3697 0,4183 0,4666 0,5146
5 0,04 0,0931 0,1362 0,1771 0,2171 0,2566 0,2958 0,3346 0,3732 0,4117

1.3.2 Monte Carlo

The “large deviation” upper bound, introduced by Theorem 1.4. can also be easily (numeri-
cally) computed. It holds that
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I(θ) :=
∫ a1

−a1

∫ a2

−a2

. . .
∫ ak

−ak

exp

{
θK

k∑

i=1

|xi|
}

1
∏k

i=1[2ai]
dxkdxk−1 . . . dx1

=
1

∏k
i=1[2ai]

2k
∫ a1

0

∫ a2

0
. . .

∫ ak

0
exp

{
θK

k∑

i=1

xi

}
dxkdxk−1 . . . dx1

=
1

∏k
i=1 ai

∫ a1

0
eθKx1

∫ a2

0
eθKx2 . . .

∫ ak

0
eθKxkdxkdxk−1 . . . dx1

=
1

∏k
i=1 ai

k∏

i=1

[
1

θK

(
eθKai − 1

)]
=

k∏

i=1

[
1

θKai

(
eθKai − 1

)]

so that

ε̂n(α) = K
k∑

i=1

∫ ai

−ai

|x| 1

2ai

dx + inf
0<θ<θ0

{
1

θ
ln I(θ)− 1

θn
ln(α)

}

= K
k∑

i=1

ai

2
+ inf

0<θ<θ0

{
1

θ
ln

k∏

i=1

[
1

θKai

(
eθKai − 1

)]
− 1

θn
ln(α)

}
.

To compute the “CLT refinement” upper bound ε̃n(α) we need to know the second and the
third moments of P ’s marginals: Since

vi,j =

{
a2

i

3
for i = j,

0 for i 6= j,

(see Lemma 1.6. for the definition of vi,j) it holds that

V = K

√√√√√
k∑

i=1

k∑

j=1

√
a2

i

3

a2
j

3
=

K√
3

√√√√√
k∑

i=1

k∑

j=1

aiaj (1.85)

(see Lemma 1.6. for the definition of V ). As to the third moments,

M3
i =

a3
i

4
, ei =

a2
i

2

(see Lemma 1.7. for the definition of Mi and ei) so that

M = K


 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

Mi1Mi2Mi3 +
k∑

i=1

ei




= K


 3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

ai1
3
√

4

ai2
3
√

4

ai3
3
√

4
+

k∑

i=1

ai

2




= K


 1

3
√

4
3

√√√√
k∑

i1=1

k∑

i2=1

k∑

i3=1

ai1ai2ai3 +
1

2

k∑

i=1

ai




(see Lemma 1.7. for the definition of M). To compute ε̃n(α), we solve (numerically) the problem
(1.52).
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In the end, we evaluate the “asymptotic upper bound” of εn(α).

ε̇n(α) := n−1/2ε(α) = n−1/2V Φ−1
(
1− α

2

)
= n−1/2 1√

3
K

√√√√√
k∑

i=1

k∑

j=1

aiajΦ
−1

(
1− α

2

)

(ε(α) is defined by (1.57)). Below, a table showing the values of the “standard deviation”
bound ε̂n(α), the “CLT refinement” bound ε̃n(α) and the approximate bound ε̇n(α) of εn(α)
for various m and k, K = 1 and a1 = a2 = . . . = ak = 1/2 can be seen:

n = mk k = 1 2 3 4 5 6 7 8 9 10
m = 2 2 4 8 16 32 64 128 256 512 1024

3 3 9 27 81 243 729 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625

ε̂n(0.05)
m = 2 0,721 1,24 1,714 2,176 2,639 3,108 3,583 4,062 4,547 5,035

3 0,682 1,164 1,617 2,078 2,551 3,032 3,52 4,012 4,508 5,005
4 0,663 1,124 1,576 2,044 2,525 3,014 3,507 4,004 4,502 5,001
5 0,648 1,099 1,555 2,028 2,514 3,007 3,503 4,002 4,501 5

ε̃n(0.05)
m = 2 34,798 43,938 41,644 35,087 27,725 21,038 15,527 11,231 8 5,632

3 26,61 25,679 18,614 12,004 7,265 4,226 2,393 1,33 0,729 0,395
4 21,984 17,544 10,519 5,615 2,816 1,359 0,639 0,296 0,135 0,061
5 18,962 13,057 6,759 3,118 1,352 0,565 0,231 0,093 0,037 0,015

ε̇n(0.05)
m = 2 0,4001 0,5658 0,6001 0,5658 0,5001 0,4243 0,3501 0,2829 0,225 0,1768

3 0,3267 0,3772 0,3267 0,2515 0,1815 0,1257 0,0847 0,0559 0,0363 0,0233
4 0,2829 0,2829 0,2122 0,1414 0,0884 0,053 0,0309 0,0177 0,0099 0,0055
5 0,253 0,2263 0,1518 0,0905 0,0506 0,0272 0,0142 0,0072 0,0036 0,0018

1.3.3 Quasi Monte Carlo

Since we have no upper bound of Γn(g) (defined by (1.61)) we exploit the fact that under the
assumptions of Theorem 1.7.

n
2−2a+k

2k
ν var Γnν

−1/2Γnν (g)
D−→ N(0, 1)

as ν →∞ for some sequence nν ,
4 and use an approximate Γn(g)’s α-level quantile bound

Γ̄n(α) := n−
2−2a+k

2k σnνΦ
−1(1− α/2),

where var Γnν ≤ σ2
nν

for each ν, as an illustration of QMC error’s behavior.
In case of the uniform distribution with ai = 1/2 it holds that C = 1 and a = 0 (see

Theorem 1.7.) so that we may choose

σn = n−
k+1

k Kk

√
1

3
(n−k − 2)k +

1

2
[n− (n−k − 2)k]

4We do not include the proof of the fact in the present work since it is very lengthy. However, it is not
complicated: First we estimate the third moments of Zi (see the proof of Theorem 1.7. for the definition of Zi).

Using the estimate, we show that limn→∞
∑mk

n
i=1 E

(
m

2−2a+k
2 −k

n Zi

)3

= 0. Finally, we apply the Central Limit

Theorem for the Triangular Schemes to m
2−2a+k

2
n Γn(g) = m

2−2a+k
2 −k

n
∑mk

n
i=1 Zi.
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according to (1.65).
The following table shows values for Γ̄n(α) for α = 0.05 and K = 1.

n = mk k = 1 2 3 4 5 6 7 8 9 10
m = 2 2 4 8 16 32 64 128 256 512 1024

3 3 9 27 81 243 729 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625

γn

m = 2 0.25 0.3536 0.375 0.3536 0.3125 0.2652 0.2188 0.1768 0.1406 0.1105
3 0.1283 0.1542 0.1352 0.1045 0.0755 0.0524 0.0353 0.0233 0.0151 0.0097
4 0.0807 0.0846 0.0649 0.0437 0.0275 0.0165 0.0097 0.0055 0.0031 0.0017
5 0.0566 0.0531 0.0366 0.0221 0.0125 0.0067 0.0035 0.0018 0.0009 0.0005

1.3.4 MSE Comparison

Let us compare the three techniques using the MSE now (see the subsection 1.2.4). Assume
again, that a1 = a2 = . . . = ak = 1/2 and that K = 1. We shall compare the following values

√
ρD

n =
(

1

m
− 1

2m2

)
k

2
,

√
ρM

n = n−1/2 k

2
√

3

and

√
ρQ

n = km−1−k

√
1

3
(m− 2)k +

1

2
[mk − (m− 2)k] = km−1−k

√
1

2
mk − 1

6
(m− 2)k

where m = b k
√

nc.
The following table shows the results.

n = mk k = 1 2 3 4 5 6 7 8 9 10
m = 2 2 4 8 16 32 64 128 256 512 1024

3 3 9 27 81 243 729 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625

√
ρD

n

m = 2 0.1875 0.375 0.5625 0.75 0.9375 1.125 1.3125 1.5 1.6875 1.875
3 0.1389 0.2778 0.4167 0.5556 0.6944 0.8333 0.9722 1.1111 1.25 1.3889
4 0.1094 0.2188 0.3281 0.4375 0.5469 0.6563 0.7656 0.875 0.9844 1.0938
5 0.09 0.18 0.27 0.36 0.45 0.54 0.63 0.72 0.81 0.9

√
ρM

n

m = 2 0.2041 0.2887 0.3062 0.2887 0.2552 0.2165 0.1786 0.1443 0.1148 0.0902
3 0.1667 0.1925 0.1667 0.1283 0.0926 0.0642 0.0432 0.0285 0.0185 0.0119
4 0.1443 0.1443 0.1083 0.0722 0.0451 0.0271 0.0158 0.009 0.0051 0.0028
5 0.1291 0.1155 0.0775 0.0462 0.0258 0.0139 0.0072 0.0037 0.0019 0.0009

√
ρQ

n

m = 2 0.25 0.3536 0.375 0.3536 0.3125 0.2652 0.2188 0.1768 0.1406 0.1105
3 0.1283 0.1542 0.1352 0.1045 0.0755 0.0524 0.0353 0.0233 0.0151 0.0097
4 0.0807 0.0846 0.0649 0.0437 0.0275 0.0165 0.0097 0.0055 0.0031 0.0017
5 0.0566 0.0531 0.0366 0.0221 0.0125 0.0067 0.0035 0.0018 0.0009 0.0005
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Comment. We see that the Quasi Monte Carlo performs the best (we should keep in mind
that the values for QMC are a very conservative upper bound). On the other hand, we should
also notify that the QMC has “the best possible” conditions, i.e. a = 0 in the case of the
uniform distribution.

1.4 Remarks and Open Problems

1.4.1 l2-K-Lipschitz functions

An assertion, similar to Theorem 1.6., can be derived for l2-K-Lipschitz functions:

Lemma 1.15. (Bounds of variance of l2-K-Lipschitz functions) Let the random vector X have
the distribution P with a finite variance matrix (vi1,i2)i1=1...k,i2=1...k. Then it holds that

W 2 ≤ sup
g is l2-K-Lipschitz

var g(X) ≤ W
2

(1.86)

where

W 2 = K2 max
i=1,2,...,k

vi,i and W
2

= K2
k∑

i=1

vi,i (1.87)

Proof. Ad the first “≤”: All the functions

gi := KX i, i = 1, 2, . . . , k,

whose variances are K2v1,1, K
2v2,2, . . . , K

2vk,k, are l2-K-Lipschitz so that

sup
g is l2-K-Lipschitz

var g(X) ≥ K2vi,i

for each i = 1, 2, . . . , k.

Ad the second “≤”:

var(g(X)) = E[g(X)− E(g(X))]2 ≤ E[g(X)− g(EX)]2

≤ E


K

√√√√
k∑

i=1

(X i − EX i)2




2

= K2E
k∑

i=1

(X i − EX i)2

= K2
k∑

i=1

var(X i) = K2
k∑

i=1

vi,i.

(We have used Lipschitz property at the last ≤.)
2

Theorem 1.8. Denote Φ−1 the inverse of the standard normal distribution’s c.d.f. and assume
that the distribution P has a finite variance matrix (vi1,i2)i1=1...k,i2=1...k. Let g be l2-K-Lipschitz
function. It holds that

lim
n→∞

√
n εn(α, g) ≤ ε2(α) where ε2(α) := WΦ−1

(
1− α

2

)
.

Proof. The proof is analogical to the proof of Theorem 1.6.
2
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1.4.2 Grid Discretizations and Scenario Trees

Definition 1.2. We say that the discrete p.d. Π = {xi, pi}n
i=1 where

xi = (x1
i ,x

2
i , . . . , x

m
i )′ ∈ Ω1 × Ω2 × . . .× Ωκ

for some spaces Ω1, Ω2, . . . , Ωκ is a scenario tree with stages at Ω1, Ω2, . . . , Ωκ of the dimension
m1,m2, . . . , mκ if the marginal distribution of elements from Ω1 has exactly m1 atoms and the
conditional distribution of elements from Ων given values (x1

i ,x
2
i , . . . , x

ν−1
i )′ has exactly mi

atoms for each i = 1, 2, . . . , n, ν = 2, 3, . . . , κ.5

When we imagine the atoms of the distribution as a graph of its possible realizations, the
definition says that each node of stage ν has exactly mν+1 successors.

It is obvious that each P ’s grid discretization of dimensions m1,m2, . . . , mk is a tree of the
dimensions m1,m2, . . . , mk. However, it is not true that each scenario tree is a grid discretization
(any distribution with atoms 0, 0′,0, 1′, 1, 0′, 1, 2′, for instance).

1.4.3 Open Problem - Is the Bound V optimal?

Lemma 1.6. states a lower bound V 2 and an upper bound V
2

of l1-K-Lipschitz function’s vari-
ance. It seems to the author that V 2 is also the upper bound, however, he could not prove
it.

1.4.4 Open Problem - The “true” Convergence Rate of
Discretization

Many people say that the Monte Carlo estimation is better than the discretization if the di-
mension of the integral is large. However, it is a little tricky to compare the convergence rate
O(n−1/k+δ) reached by the discretization with OP (n−1/2) of the Monte Carlo (see Theorem
1.3. and Theorem 1.6.). The problem is that while the rate OP (n−1/2) is reached by any MC
estimate of EP g, the rate O(n−1/k+δ) does not concern any actual function g but the upper
bounds made separately for each n. More exactly, for each Πn there exists a function gn such
that e(Πn, gn) = O(n−1/k+δ). The question arises: what is the worst convergence rate of e(Πn, g)
if g is a fixed Lipschitz function?

1.4.5 Open Problem - Better Convergence Rate of QMC?

We have shown that the Quasi Monte Carlo estimate of EP g is OP

(
n−

2a−2−k
2k

)
where a de-

pends on the distribution (see Theorem 1.7.). Could not the rate be made better by unequal
partitioning of the unit cube. e.g. smaller cubes at the tails and greater ones in the meddle?

5Our definition of scenario tree is different from those from literature, however, it is consistent with them.
See [10], II.5.1 for more about scenario trees.
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Chapter 2

Approximation of One Stage Stochastic
Programming Problem

2.1 Stochastic Programming Problem

Let (Ω,A, P ) be a probability space and let X be an abstract set. Let g : X × Ω → R be a
function such that g(x, •) is measurable and EP (ω)|g(x, ω)| < ∞ for each x ∈ X .

Consider the stochastic programming problem (SPP), i.e. to find (one of the solutions) x̂ ∈ X
such that

EP g(x̂) = min
x∈X

EP g(x) (2.1)

and suppose that it cannot be solved exactly for some reason.
There are many possible ways how to approximate (2.1). We restrict ourselves to the

approach consisting in looking for (one of the solutions) ẋ such that

G(ẋ) = min
x∈X

G(x) (2.2)

where G is some approximation of EP g (for an alternative method of SPP approximation -
gradient estimation - see [13], [32] or [42]).

The question arises which type of the approximate problem (2.2) should be chosen to com-
pute (2.1). There are more ways how to approximate EP g, we shall deal with the techniques
consisting in replacing F (x) by a discrete distribution, as discussed in the previous Chapter -
i.e. using the discretization, the Monte Carlo and the Quasi Monte Carlo.

2.1.1 Optimality Gap

We are using the optimality gap

η(ẋ) := W (ẋ)−W (x̂), W (x) = EP (ω)g(x, ω) =
∫

Ω
g(x, ω)dP (ω) (2.3)

to evaluate the error of approximations. There are more ways of measuring the quality of the
approximation (2.2) (e. g. determining the distance between the “exact” and the “approximate”
optimal values), the optimality gap, however, seems the most natural because it measures the
error in the “units” of the original optimization problem: If costs are minimized, for instance,
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then η(ẋ) can be interpreted as the expected price for the approximation.1 Moreover, η(ẋ) may
be combined with EV PI2: we can define the expected value of perfect information and exact
computation as

EV PIC := EV PI + η(ẋ) = EP g(ẋ)− EP min
x∈X

g(x).

evaluating the cost of not having the perfect information and not being able to compute (2.1)
precisely.

The idea of using the optimality gap as the measure of approximation error is not new and
some work concerning the optimality gap was done. The paper [31] suggests a technique of the
optimality gap’s estimation using the Monte Carlo methods and the article [36] is devoted to
the estimation of the optimality gap by means of the Wasserstein distance, for instance.

Before we deal with particular types of approximation, we shall recall a useful and well
known result:

Lemma 2.1. For each optimal solution ẋ of (2.2) and each optimal solution x̂ of (2.1) the
following three inequalities hold:

(i) η(ẋ) ≤ sup
x∈X

[EP g(x)−G(x)] + [G(x̂)− EP g(x̂)],

(ii) η(ẋ) ≤ sup
x∈X

[EP g(x)−G(x)] + sup
x∈X

[G(x)− EP g(x)],

(iii) η(ẋ) ≤ 2 sup
x∈X

|G(x)− EP g(x)|.

Proof.

η(ẋ) = EP g(ẋ)−G(ẋ) + G(ẋ)− EP g(x̂) ≤ EP g(ẋ)−G(ẋ) + G(x̂)− EP g(x̂)

≤ sup
x∈X

[EP g(x)−G(x)] + G(x̂)− EP g(x̂)

≤ sup
x∈X

[EP g(x)−G(x)] + sup
x∈X

[G(x)− EP g(x)]

≤ 2 sup
x∈X

|G(x)− EP g(x)|.

2

2.2 Approximation of SPP

2.2.1 Discretization

The discretization of SPP consists in looking for (one of the solutions) ẋ such that

EΠg(ẋ) = min
x∈X

EΠg(x) (2.4)

where Π is a suitable discrete distribution.
The idea of using the discretization to approximate SPP is not new. In [15], the discretiza-

tion is used to solve the two stage linear SPPs. In [21], the result is generalized to the case

1This fact is obvious if ẋ is deterministic. Later on, we show that this definition makes sense also in case of
random ẋ.

2EV PI - expected value of perfect information - is defined as EV PI := EP g(x̂)− EP minx∈X g(x), see [2],
chp. 4.1. for more about EV PI.
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of non-linear SPP. In [16], a sequential discretization method is suggested to approximate the
two stage SPP. In [11], Theorem 3, a bound of Hausdorff distance between ε-optimal solutions
sets of the exact and the approximated problem is stated for the case when P is a discrete
probability measure with a large number of atoms. In [36], the author suggests an algorithm
finding the minimum of the Wasserstein distance of the approximative and the exact measure.

In the present work, even possibly non-convex SPP problems with the probability measure
having a possibly unbounded support are handled. As in [36], we use the Wasserstein distance
to estimate the approximation error. However, since the computation of the distance could be
very complicated and since its minimization can have local minima, we do not try to find an
optimal discretization. Instead, we use a sub-optimal discretization for which the distance can
be efficiently computed.

We shall assume until the end of the section 2.2.1 that

(a) Ω = Rk, A is Borel σ-algebra and all the marginal distributions of P have finite first
absolute moments

(b) minx∈X EP g(x) exists,

(c) minx∈X
∑n

i=1 g(xi, ωi)pi exists for each ω1, ω2, . . . , ωn ∈ Ω and p1, p2, . . . , pn ≥ 0 and

(d) g(x, •) is uniformly l1-K-Lipschitz on X , i.e. there exists K > 0 such that |g(x, ω1) −
g(x, ω2)| ≤ K‖ω1 − ω2‖1 for each ω1, ω2 ∈ Ω and x ∈ X .

The following Theorem gives an upper bound of the optimality gap caused by the approximation
of P by a grid discretization. Moreover, it determines the convergence rate of the optimality
gap.

Theorem 2.1. (i) If ẋ is an optimal solution of (2.4) and if the approximative distribution Π
is a grid discretization of P then

η(ẋ) ≤ 2K
k∑

i=1

dW (Pi, Πi)

where Pi and Πi, i = 1, 2, . . . , k are the marginal distributions of P , Π respectively (see the
section 1.2.1 for the definition of grid discretization).

(ii) If there exists a > 1 such that Fi(x) = O(|x|−a) as x → −∞ and (1 − Fi(x)) = O(|x|−a)
as x → ∞ for each marginal distribution function Fi of P , i = 1, 2, . . . , k, then a sequence
{Π̇n}∞n=1, of at most n-atom discrete probability distributions can be constructed such that

η(ẋn) = O(n1/k(−1+1/a))

where ẋn is an (arbitrary) optimal solution of the approximative problem with the distribution
Π̇n for each n.

(iii) Let P have marginal densities fi(x) = e−φi(x), i = 1, 2, . . . , k, such that, for some constants
C > 0, D > 0 and for each |x| ≥ D it holds that φi(x) ≥ C|x|. Then there exists a sequence
{Π̇n}∞n=1 of at most n-atom discrete probability distributions such that, for each δ > 0,

η(ẋn) = o(n−
1
k
+δ) as n →∞

where ẋn is an (arbitrary) optimal solution of the approximative problem with the distribution
Π̇n for each n.
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Proof. Ad (i). According to Lemma 1.2. it holds that

sup
h is l1-K-Lipschitz

|EΠ(ω)h(ω)− EP (ω)h(ω)| = K
k∑

i=1

dW (Pi, Πi). (2.5)

By the combination of the formula with (iii) of Lemma 2.1. we get

η(ẋ)
Lemma 2.1.,(iii)

≤ 2 sup
x∈X

|EΠ(ω)g(x, ω)− EP (ω)g(x, ω)| ≤ 2 sup
h is l1-K-Lipschitz

|EΠ(ω)h(ω)− EP (ω)h(ω)|

(2.5)
= 2K

k∑

i=1

dW (Pi, Πi) (2.6)

which proves (i) of the present Theorem.

Ad (ii). Theorem 1.3. guarantees that under the assumptions of (ii) of the present Theo-
rem there exists a sequence of at most n-atom discrete probability distributions Π̇n such that
suph is l1-K-Lipschitz |EΠ̇n(ω)h(ω)−EP (ω)h(ω)| = O(n1/k(−1+1/a)). Using it and the first two “≤”’s of
(2.6) we get (ii) of the present Theorem.

The same way we prove (iii) of the present Theorem using the Corollary of Theorem 1.3.
2

2.2.2 Monte Carlo

Monte Carlo (MC) approximation of SPP consists in looking for (one of the solutions) x̃n such
that

Gn(x̃n) = min
x∈X

Gn(x).

where Gn(x) = 1
n

∑n
i=1 g(x, ζi) and ζ1, ζ2, . . . , ζn is a sequence of independent random elements

with the distribution P .
There was a lot of work done in the area of the MC approximation of the stochastic program-

ming problems. In the early paper [20] the convergence of the optimal value of the approximate
problem to one of the exact problem is proved and the rate of the convergence is shown. Simi-
lar results appeared independently in [48]. In [23], the empirical estimates based on dependent
samples are studied. In [12], the asymptotic normality of the optimal values’ distance is proved.
This result is further generalized in [41].

Assume until the end of the section 2.2.2 that

(a) X is compact subset of Rr where r > 0 is some integer,

(b) E(g(x))2 is finite at each x ∈ X and

(c) there exists a random variable b : Ω → R such that Eb2 is finite and that |g(x, ω) −
g(y, ω)| ≤ b(ω)‖x− y‖2 for each ω ∈ Ω and x,y ∈ X .

It was proven by Shapiro in [41] that under these assumptions and provided that the problem
(2.1) has a unique solution,

√
n [minx∈X Eg(x)−minx∈X Gn(x)] converges to the normal dis-

tribution. Our result concerns the optimality gap and covers also the situation in which the
exact problem has multiple solutions.
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Let ξ ∼ P be a random vector. If x̃n(ζ1, . . . , ζn) is measurable then we define the optimality
gap of Monte Carlo approximation of SPP as

η̃(x̃n) = η̃(x̃n(ζ1, . . . , ζn)) := E(g(x̃n(ζ1, . . . , ζn), ξ)|ζ1, . . . , ζn)− Eg(x̂, ξ) (2.7)

(x̂ is an optimal solution of (2.1)).

Remark 2.1. Thanks to the assumption (c) of the present subsection, there exists a measurable
version of x̃n, according to [12], Proposition 3.2.

Assume until the end of the subsection (2.2.2) that ξ is independent of ζ1, . . . , ζn.3 Under
this assumption, P may serve as a conditional distribution of ξ given ζ1, . . . , ζn so that

E(g(x̃n, ξ)|ζ1, . . . , ζn) =
∫

g(x̃n(ζ1, . . . , ζn), ω)dP (ω) = EP (ω)g(x̃n(ζ1, . . . , ζn), ω)

hence
η̃(x̃n) = η(x̃n), (2.8)

(η(•) is defined by (2.3)).
Therefore, we may use (i) of Lemma 2.1. to get that

η̃(x̃n) ≤ η̄n (2.9)

where
η̄n = max

x∈X
[Eg(x, ξ)−Gn(x)] + Gn(x̂)− Eg(x̂, ξ).

The following Theorem estimates the asymptotic behavior of the bound η̄n.

Theorem 2.2. It holds that
n1/2η̄n

D−→ max
x∈X

Y (x) (2.10)

where Y (•) is such random element of C(X ) that the distribution of each vector (Y (x1),Y (x2),
. . . , Y (xp))

′, x1, . . . , xp ∈ X , p ∈ N, is normal with EY (x1) = EY (x2) = . . . = EY (xp) = 0
and

cov(Y (xi), Y (xj)) = var(g(x̂))−cov(g(xi), g(x̂))−cov(g(xj), g(x̂))+cov(g(xi), g(xj)) (2.11)

for each i = 1, 2, . . . , p, j = 1, 2, . . . , p.

Proof. By rewriting the definition of η̄n we get

η̄n = max
x∈X

1

n

n∑

i=1

h(x, ζi) where h(x, ζi) := EP g(x)− g(x, ζi) + g(x̂, ζi)− EP g(x̂). (2.12)

It holds that

cov(h(x), h(y)) = cov(g(x̂)− g(x), g(x̂)− g(y))

= var(g(x̂))− cov(g(x), g(x̂))− cov(g(y), g(x̂))

+ cov(g(x), g(y)) (2.13)

for each x,y ∈ X . Moreover, the following three statements are true:

3It is natural to assume that the future realization of the chance is independent on our Monte Carlo sample.
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(A) h can be considered as C(X )-valued random element. (Proof: Since h(•, ω) ∈ C(X ) for
each ω ∈ Ω due to the assumption (c) and since h(x, •) is measurable for each x ∈ X , h is
random element with values from C(X ) according to [28], Appendix, Proposition A4.)

(B) h(•, ω) is Lipschitz with the constant (b(ω) + Eb). (Proof: It holds that

|h(x, ω)− h(y, ω)| = |(g(y, ω)− g(x, ω))− (Eg(y)− Eg(x))|
≤ |g(y, ω)− g(x, ω)|+ E|g(y)− g(x)|
≤ b(ω)‖x− y‖2 + (Eb)‖x− y‖2 = (b(ω) + Eb)‖x− y‖2 (2.14)

for each x,y ∈ X .) Moreover, it follows from the assumptions of the present Theorem that
E(b(ω) + Eb)2 < ∞.

(C) Eh(x)2 < ∞. (Proof: It holds that Eh(x)2 Eh(x)=0
= var(h(x)) = var(g(x̂) − g(x)) ≤

var(g(x̂)) + 2
√

var(g(x̂)) var(g(x)) + var(g(x)) < ∞ by the Schwarz inequality and by the

assumptions of the present section.)

Since (A) (B) and (C) hold true, it follows Theorem A.3. that there exists random element
Y taking values in C(X ) with zero mean and covariances (2.13) such that

n1/2

(
1

n

n∑

i=1

h(•)
)

D−→ Y (•)

as random elements in C(X ). Therefore and since the function max is continuous on C(X ) we
may use Theorem A.2. to get that

n1/2

(
max
x∈X

1

n

n∑

i=1

h(x)

)
D−→ max

x∈X
Y (x).

Hence, the Theorem is proven.
2

Corollary. Under the assumptions of Theorem 2.2., η̃n(x̃n) = OP (n−1/2).

Proof. The Corollary is a direct consequence of (2.9) and (2.10).
2

2.2.3 Quasi Monte Carlo

Assume until the end of the subsection 2.2.3 that

(a) X is a compact subset of Rr,

(b) Ω = Rk and A is Borel σ-algebra,

(c) g(x, •) is uniformly l1-Lipschitz on X with a constant L (i.e. there exists a constant L
such that |g(x, ω1)− g(x, ω2)| ≤ L‖ω1 − ω2‖1 for each ω1, ω2 ∈ Ω and x ∈ X ),

(d) g(•, ω) is uniformly l2-Lipschitz on Ω with a constant K (i.e. there exists a constant K
such that |g(x, ω)− g(y, ω)| ≤ K‖x− y‖2 for each x,y ∈ X and ω ∈ Ω) and

(e) |g(x, ω) − EP (ω′)g(x, ω′)| < H for each x ∈ X , ω ∈ Ω and for some H > 0 independent
of x and ω.
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The Quasi Monte Carlo (QMC) approximation of (2.1) consists in finding x̌n such that

Cn(x̌n) = min
x∈X

Cn(x), Cn(x) :=
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

g(x, tP (Un,i1,i2,...,ik)) (2.15)

where mn = b k
√

nc, the mapping tP is defined at Lemma 1.12. and Un,i1,i2,...,ik , i1 = 1, 2, . . . , mn,
i2 = 1, 2, . . . , mn, . . ., ik = 1, 2, . . . , mn, are mutually independent random vectors each having
uniform distribution on

[
i1−1
mn

, i1
mn

]
×

[
i2−1
mn

, i2
mn

]
× . . .×

[
ik−1
mn

, ik
mn

]
.

If we assume that x̌n is measurable and that Un,i1,i2,...,ik is independent of ξ (we recall that
ξ ∼ P ) then we may adapt the definition of the optimality gap from the subsection 2.2.2 with
tP (Un,i1,i2,...,ik) instead of ζi and define the optimality gap of QMC approximation of SPP as

η̌(x̌n) = E(g(x̌n, ξ)|tP (Un,1,1,...,1), . . . , tP (Un,mn,mn,...,mn))− Eg(x̂, ξ)

and show that
η̌(x̌n) = η(x̌n)

(η(•) is defined by (2.3)). Moreover, the assumption (c) of the present section guarantees the
existence of a measurable version of x̌n (see Remark 2.1.).

The following Theorem estimates the convergence rate of the optimality gap.

Theorem 2.3. Let ∂
∂u

F−1
λ (u|z1, z2, . . . , zλ−1) exist for each u ∈ (0, 1), each z1, z2, . . . , zλ−1 ∈ R

and each 1 ≤ λ ≤ k (F1 denotes the first marginal d. f. of P and, for each λ = 2, 3, . . . , k,
Fλ(•|z) denotes the d. f. of the conditional distribution of the P ’s λ-th component given that
the first λ− 1 components equal to z) and let there exist constants C > 0 and 0 ≤ a ≤ 1 such
that

∂

∂u
F−1

λ (u|z1, z2, . . . , zλ−1) ≤ Cu−a

for each 0 < u ≤ 1/2, z1, z2, . . . , zλ−1 ∈ R, 1 ≤ λ ≤ k, and

∂

∂u
F−1

λ (u|z1, z2, . . . , zλ−1) ≤ C(1− u)−a

for each 1/2 ≤ u < 1, z1, z2, . . . , zλ−1 ∈ R, 1 ≤ λ ≤ k. Let δ > 0. If a ≥ 1− k/2 then

η̌(x̌n) = oP

(
n−

2−2a+k
2k

+δ
)

where x̌n is an arbitrary solution of (2.15) for each n ∈ N.

Before we prove the Theorem, we formulate a useful Lemma.

Lemma 2.2. Let Fλ fulfill the assumptions of the Theorem 2.3. Denote Γn(x) := Cn(x) −
EP g(x). If a ≥ 1 − k/2 then for each η > 0 there exists a constant Cη > 0, independent of x
and n, such that

P
[
n

2−2a+k
2k

−δ|Γn(x)| ≥ η
]
≤ 2 exp

{
−Cηn

δ
}

for each n > 1, x ∈ X and δ > 0.

Proof. Denote κ := 1−a
k

and N = b k
√

nck. We recall that

Γn(x) =
1

N

N∑

i=1

Zn,i, Zn,i = g(x, tP (Un,i))− Eg(x, tP (Un,i))
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where Un,1,Un,2, . . . , Un,N are some independent random variables and where

EZn,i = 0, var Zn,i ≤ LBN−2κ. (2.16)

for some constant B independent of i and x (see (1.66), (1.80) and (1.76), we recall that L is
the Lipschitz constant introduced by the assumption (c) of the present section). By putting
X̄ = Γn(x), λ = ηn−κ+δ and b = H into Theorem A.4. we get

P
(
nκ+1/2−δΓn(x) ≥ η

)
≤ exp

{
−n−2κ+2δη2

2σ2
ψ

(
n−κ+δηH

σ2
√

n

)}

where σ2 = 1
N

∑N
i=1 var Zn,i and ψ is defined at Theorem A.4. Since

σ2
(2.16)

≤ N−2κV ≤ (n1/k − 1)−2kκV,

where V = LB, and since xψ(x) is nondecreasing function according to (b) of Theorem A.4.,
we have

P
(
nκ+1/2−δΓn(x) ≥ η

)
≤ exp

{
− n−2κ+2δη2

2[n1/k − 1]−2kκV
ψ

(
n−κ+δηH

(n− 1)−2κV
√

n

)}

(a) of Th. A.4.

≤ exp

{
− n−2κ+2δη2

2[n1/k − 1]−2kκV
ψ

(
n−κ+δηH

n−2κV
√

n

)}

= exp



−

(
n1/k − 1

n1/k

)2kκ

n2δ η2

2V
ψ

(
nκ+δ−1/2ηH

V

)



(c) of Th. A.4.

≤ exp



−

(
1− 1

n1/k

)2kκ

n2δ η2

2V
[
1 + nκ+δ−1/2 ηH

3V

]




= exp



−

(
1− 1

n1/k

)2kκ

nδ η2

2V
[
n−δ + nκ−1/2 ηH

3V

]




≤ exp



−

(
1− 1

n1/k

)2kκ

nδ η2

2V
[
1 + ηH

3V

]




because κ− 1/2 ≤ 0 according to the assumption of the present Lemma. Hence

P
(
nκ+1/2−δ|Γn(x)| ≥ η

)
≤ 2 exp



−

(
1− 1

n1/k

)2kκ

nδ η2

2
[
V + ηH

3

]




≤ 2 exp



−

(
1− 1

k
√

2

)2kκ

nδ η2

2
[
V + ηH

3

]




≤ 2 exp
{
−nδCη

}

where Cη =
(
1− 1

k√2

)2kκ η2

2[V + ηH
3 ]

.

2

Proof of the Theorem 2.3. Let η > 0. We shall proceed similarly to [27]. Denote A = 2−2a+k
2k

.
Since g(•, ω) is Lipschitz with the constant K, the function Γn(•) is Lipschitz with the constant
2K so that

γn(•) := nA−δΓn(•)
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is Lipschitz with the constant 2KnA−δ.
Using a procedure, identical to [20]4, proof of Theorem 2, we may show that for each

n ∈ N there exists x1,x2, . . . , xN(η,n) with N(η, n) ≤ (Dη2KnA−δ + 1)k for some constant Dη,
independent of n, such that

P
[
max
x∈X

|γn(x)| ≥ η
]
≤ P

[
max

i=1,2,...,N(η,n)
|γn(xi)| ≥ η

3

]
.

Further, we may estimate

P

[
max

i=1,2,...,N(η,n)
|γn(xi)| ≥ η

3

]
≤

N(η,n)∑

i=1

P
[
|γn(xi)| ≥ η

3

]

Lemma 2.2.≤
N(η,n)∑

i=1

2 exp
{
−nδC η

3

}
= N(η, n)2 exp

{
−nδC η

3

}

≤ (Dη2KnA−δ + 1)k2 exp
{
−nδC η

3

}
n→∞−→ 0.

Since

0 ≤ nA−δη̌(x̌n)
Lemma 2.1.≤ nA−δ2 max

x∈X
|Γn(x)| = 2 max

x∈X
|γn(x)|

we have that
P

[
nA−δη(x̌n) ≥ η

]
n→∞−→ 0.

2

2.3 Illustration

To illustrate the results of the previous section, we consider a simple SPP:

min
x∈C

EP (ω)(f(ω)− x)2 (2.17)

where P is some distribution defined on Rk, C = [−c, c] for some c ∈ R and f : Rk → R is a
Lipschitz function fulfilling −c ≤ EP f ≤ c and varP f > 0. Since E(X − x)2 is minimized at
EX for each random variable X, the exact solution of (2.17) is x̂ := EP f .

The approximation of (2.17) by the problem with a discrete p.d. Πn = {zi, pi}n
i=1 leads to

the problem
min
x∈C

EΠn(f − x)2. (2.18)

Evidently, the solution of the approximate problem is ẋn := EΠnf .
Since

EP (f − ẋn)2 = EP (f − EP f)2 + (EP f − ẋn)2

the optimality gap of the solution ẋn is

η(ẋn) = EP (f − ẋn)2 − EP (f − x̂)2 = EP (f − EΠnf)2 − EP (f − EP f)2 = (EP f − EΠnf)2

= (e(Πn, f))2

4The author works with an i.i.d. random sample but the part of the proof used here does not depend on
this fact.
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(see (1.1) for definition of e(Πn, f)). Hence, in case of the approximation of P by a grid
discretization having n = mk atoms,

η(ẋn) ≤ B

(
m∑

i=1

dW (Pi, Π
n
i )

)2

= O
(
n−

2
k
(−1+1/a)

)

for each a fulfilling the assumptions of Theorem 1.3. and for some B > 0 (since f is bounded
Lipschitz function, the function (f(•) − x)2 is Lipschitz and we may use Theorems 1.1. and
1.3. to estimate the value of e(Πn, g), its rate convergence rate respectively).

In case of the MC estimate based on a sample ζ1, ζ2, . . . , ζn from P , the solution of (2.18) is

x̃n = fn =
1

n

n∑

i=1

f(ζ i
n)

so that the expected optimality gap is

Eη̃(x̃n) = E(EP f − fn)2 = var(fn) =
1

n

k∑

i=1

var(f) = O(n−1).

Similarly we get an estimate of the convergence rate of the QMC approximation error: The
approximate solution is

x̌n = f́n =
1

mk
n

mn∑

i1=1

mn∑

i2=1

. . .
mn∑

ik=1

f(tP (U i1,i2,...,ik))

so that
Eη̌(x̌n) = E(EP f − f́n)2 = var(f́n) = var(Γn(f))

(Γn is defined by (1.61)). Hence, according to Theorem 1.7.,

Eη(ẋn) = O
(
n−

2−2a+k
k

)

where a is some constant fulfilling the assumptions of Theorem 1.7.
To summarize, the test problem outperformed the convergence rates estimates derived in

the previous section twice in all the three cases (discretization, MC and QMC). In case of the
discretization and of the QMC, the actual convergence rate may be even better than the one
shown here (we still have only estimates of their convergence rates). On the other hand, the
convergence rate cannot be better in the case of MC.
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Chapter 3

Approximation of Multistage SP
Problem

3.1 Multistage Stochastic Programming

Let (Ω,A, P ) be a probability space such that Ω = Ω1 ×Ω2 × . . .×ΩM for some subspaces Ωi,
i = 1, 2, . . . , M , M ∈ N, and that A = A1⊗A2⊗ . . .⊗AM where Ai is a σ-algebra defined on Ωi

for each i = 1, 2, . . . , M . Let S1, S2, . . . , SM be some sets. We define the (M -stage) multistage
stochastic programming problem (MSSPP) as

min
x1∈X1

EP1(ω1)g1(x1, ω1) (3.1)

where P1 is the marginal distribution (with respect to P ) of elements of Ω1, X1 = S1,

gM : S1 × S2 × . . .× SM × Ω1 × Ω2 × . . .× ΩM −→ R

is a function and

gi(x̄i, ω̄i) = min
xi+1∈Xi+1(x̄i,ω̄i)

EPi+1(ωi+1|ω̄i)gi+1(x̄i+1, ω̄i+1) (3.2)

for 1 ≤ i < M , where

Xi : S1 × S2 × . . .× Si−1 × Ω1 × Ω2 × . . .× Ωi−1 −→ 2Si ,

i = 2, 3, . . . , M , are some point-to-set mappings and Pi(•|ω̄i−1) is a conditional distribution
(w.r.t. P ) of elements of Ωi given ω̄i−1 ∈ Ω1× . . .×Ωi−1 (x̄i stands for (x1, x2, . . . , xi), ω̄i stands
for (ω1, ω2, . . . , ωi)). Assume that gi(x̄i, •) is measurable for each i = 1, 2, . . . ,M .

An overview of the theory of multistage stochastic programming can be found in [8] or in
[10] chp. II.2. For some examples of (economic) applications of MSSPP, see [10] chp. II.4. For
a non-economic application, namely hydro-energetic one, see [34].

In most applications, we are unable to evaluate exactly the (conditional) expectations in
(3.1) and (3.2) so that we have to make an approximation. More ways how to approximate
MSSPP exist. The one which is used most, however, is the replacement of P by a scenario tree.

Let π be a scenario tree with stages at Ω1, Ω2, . . . , Ωi and with dimensions n1, n2, . . . , nM

(see the section 1.4.2 for the definition of scenario tree). If we denote by

π1 = {ςj1 , pj1}j1=1,2,...,n1 (3.3)
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its marginal distribution of the elements of Ω1 and by

πi(•|ς̄j1,j2,...,ji−1
) = {ςj1,j2,...,ji

, pj1,j2,...,ji
}ji=1,2,...,ni

(3.4)

its conditional distribution of the elements of Ωi given ς̄j1,j2,...,ji−1
:= (ςj1 , ςj1,j2 , . . . , ςj1,j2,...,ji−1

)
for each i = 2, 3, . . . , M , then the problem originated by the replacement of P by π in (3.1)
and (3.2) can be written as

min
x1∈X1

Eπ1(ς)g̃1(x1, ς) = min
x1∈X1

n1∑

j1=1

pj1 g̃1(x1, ςj1) (3.5)

where
g̃M(x̄M , ς̄j1,j2,...,jM

) = gM(x̄M , ς̄j1,j2,...,jM
) (3.6)

and

g̃i(x̄i, ς̄j1,j2,...,ji
) = min

xi+1∈Xi+1(x̄i,ς̄j1,j2,...,ji
)
Eπi+1(ςi+1|ς̄j1,j2,...,ji

)g̃i+1(x̄i, xi+1, ς̄j1,j2,...,ji
, ςi+1)

= min
xi+1∈Xi+1(x̄i,ς̄j1,j2,...,ji

)

ni+1∑

ji+1=1

pj1,j2,...,ji+1
g̃i+1(x̄i, xi+1, ς̄j1,j2,...,ji

, ςj1,j2,...,ji+1
)

(3.7)

for each 1 ≤ i < M .
Assume, until the end of the Chapter 3, that

(a) EP1(ω1)g1(x1, ω1) exists and is finite for each x1 ∈ X1 and EPi(ωi|ω̄i−1)gi(x̄i, ω̄i) exists and
is finite for each possible ω̄i−1 (i.e. ω̄i−1 ∈ Ω1 × . . .× Ωi−1), each x̄i−1 feasible given ω̄i−1

(i.e. such that x1 ∈ X1 x2 ∈ X2(x1, ω1), . . ., xi ∈ Xi(x̄i−1, ω̄i−1)) and each i = 1, 2, . . . , M ,

(b) the exact problem is well defined, i.e. the minimum of (3.1) exists and the minimum of
(3.2) exists for each possible ω̄i−1, each x̄i feasible given ω̄i−1 and each i = 1, 2, . . . , M−1,

(c) the approximate problem is well defined for each discrete distribution π defined on Ω,

(d) Ω is a complete separable metric space,

Remark 3.1. The assumption (d) guarantees the existence of the conditional distributions
with respect to P (see [45], VI.1.21).

3.1.1 Problem of Interior Problems’ Solution

Before we turn our attention to the definition of the optimality gap originated by the approx-
imate solution of MSSPP, we have to consider the following problem: after the first stage
decision is taken and the first stage “chance” realizes itself, one has to solve the second stage
interior problem (defined by (3.2) with i = 2). However, the approximate model provides its
solution only for those cases when the “chance” realized itself as one of the atoms of the ap-
proximating distribution π1. If the “chance” fell outside the set of the atoms of π1, then the
solution of the approximate model may be useless since it may not be feasible. The situation
at stages 3, 4, . . . , M is similar.1

1The problem, described here, is reported in [6], for instance.
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Hence, for a successful application of the MSSPP, it does not suffice to solve (3.5) but, in
addition, one has to be able to find

min
xi+1∈Xi(x̄i,ω̄i)

EPi+1(ωi+1|ω̄i)gi+1(x̄i, xi+1, ω̄i, ωi+1), (3.8)

where x̄i := (x1, x2, . . . , xi) are decisions taken in the first i stages, for each ω̄i ∈ Ω1×Ω2×. . .×Ωi

and for each i = 1, 2, . . . ,M − 1.
There could be more ways how to solve (3.8), e.g. taking the “nearest” feasible solution

of (3.5). We suppose, however, that the most natural approach to the interior problems is to
generate a new scenario tree for each problem (3.8) (see the sections 3.2.1, 3.2.2 and 3.2.3 for
details).

3.2 Approximation of MSSPP

We will discuss three ways how to generate the approximating distribution in (3.5) - the dis-
cretizazion of P , sampling from P (Monte Carlo) and creating an approximating distribution
using the Quasi Monte Carlo.

3.2.1 Discretization

Similarly to the previous text, the word “discretization” means the replacement of the “exact”
distribution by a discrete one.

There exist many results concerning the accuracy of the MSSPP’s discretization (see [11]
or [25], for instance). All these works use the distance of the optimal values as a measure of
the accuracy. We provide some results concerning the optimality gap.

First let us discuss the problem mentioned in the section 3.1.1. As we have already said, we
suggest to generate a new scenario tree to solve each problem (3.8). i.e. to construct mappings

Πi : Ω1 × Ω2 × . . .× Ωi−1 → SΩi,ni
, (3.9)

i = 2, 3, . . . , M , where SΩi,ni
is the space of ni-atom discrete distributions defined on Ωi, and

to approximate each problem (3.8) by

min
xi+1∈Xi(x̄i,ω̄i)

E(Πi(ω̄i))(ςi+1)ġi+1(x̄i, xi+1, ω̄i, ςi+1) (3.10)

where ġM = gM and

ġν(x̄ν , ω̄ν) = min
xν+1∈Xν+1(x̄ν ,ω̄ν)

E(Πν+1(ω̄ν))(ςν+1)ġν+1(x̄ν , xν+1, ω̄ν , ςν+1)

for each ν = i + 1, i + 2, . . . , M − 1.
In the sequel, the ordered set (Π1, Π2, . . . , ΠM), where Π1 is some n1-atom discrete prob-

ability distribution defined on Ω1 and where Πi are some mappings of the type (3.9), will
be called approximation scheme of dimensions n1, n2, . . . , nM (we shall write Πi(ςi|ς̄) instead
of (Πi(ς̄))(ςi) for the sake of readability). Under the number of atoms of the approximation
scheme Π we shall understand the quantity

∏k
i=1 ni.

Now let us proceed with the definition of the optimality gap.
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Denote x̂1 (an arbitrary) solution of (3.1), ẋ1 (an arbitrary ) solution of (3.5), x̂i(x̄i−1) =
x̂i(x̄i−1, ω̄i−1) (an arbitrary) solution of (3.8), and ẋi(x̄i−1) = ẋi(x̄i−1, ω̄i−1) (an arbitrary) solu-
tion of (3.10). Let Π = (Π1, Π2, . . . , ΠM) be an approximating scheme. We define the optimality
gap of MSSPP approximation by scheme Π as

ηΠ := EP (ω̄M )gM(ẋ1, ẋ2(ẋ1, ω1), . . . , ẋM(ẋ1, . . . , ẋM−1, ω̄M−1), ω̄M)

−EP (ω̄M )gM(x̂1, x̂2(x̂1, ω1), . . . , x̂M(x̂1, . . . , x̂M−1, ω̄M−1), ω̄M). (3.11)

An interpretation of the optimality gap of MSSPP is analogous to the interpretation of the
one-stage programming optimality gap: Suppose that the “chance” (gradually) realized itself
as ω1,ω2,. . ., ωM−1. If we were able to solve the MSSPP and its interior problems exactly, then
the sequence of our decisions would have been

x̂1, x̂2(x̂1, ω1), . . . , x̂M(x̂1, . . . , x̂M−1, ω̄M−1).

However, since we are using the approximative models, our decisions are

ẋ1, ẋ2(ẋ1, ω1), . . . , ẋM(ẋ1, . . . , ẋM−1, ω̄M−1).

Hence, ηΠ measures the expected loss caused by the approximation.2

The following Lemma shows a way how the optimality gap may be decomposed.

Lemma 3.1. Denote
η1(ω1) = g1(ẋ1, ω1)− g1(x̂1, ω1) (3.12)

and

ηi(ω̄i) := gi(ẋ1, ẋ2(ẋ1), . . . , ẋi−1(ẋ1, . . . , ẋi−2), ẋi(ẋ1, . . . , ẋi−1), ω̄i)

−gi(ẋ1, ẋ2(ẋ1), . . . , , ẋi−1(ẋ1, . . . , ẋi−2), x̂i(ẋ1, . . . , ẋi−1), ω̄i) (3.13)

for 2 ≤ i ≤ M . Then

ηΠ =
M∑

i=1

EP ηi. (3.14)

Remark 3.2. The quantity ηi may be interpreted as the optimality gap of the i-th interior
problem provided that we are able to solve the problems at stages i + 1, i + 2, . . . , M exactly.

Proof of Lemma 3.1. We proceed by induction according to M . If M = 1 then the assertion
coincides with the definition of ηΠ. If M > 1 and (3.14) holds for M − 1 then

ηΠ
(3.11),(3.2)

= EP gM(ẋ1, ẋ2(ẋ1), . . . , ẋM(ẋ1, . . . , ẋM−1))− EP1g1(x̂1)

= [EP gM(ẋ1, ẋ2(ẋ1), . . . , ẋM(ẋ1, . . . , ẋM−1))− EP1g1(ẋ1)]

+EP1 [g1(ẋ1)− g1(x̂1)]
(3.2),(3.12)

= EP1(ω1)A(ẋ1, ω1) + EP1(ω1)η1(ω1) (3.15)

where

A(ẋ1, ω1) = EP (ω2,...,ωM |ω1)gM(ẋ1, ẋ2(ẋ1), . . . , ẋM(ẋ1, . . . , ẋM−1), ω̄M)

−EP (ω2,...,ωM |ω1)gM(ẋ1, x̂2(ẋ1), . . . , x̂M(ẋ1, x̂2, . . . , x̂M−1), ω̄M),

2Obviously, the optimality gap depends on the choice of the approximate solution. However, our further
results hold independently of the choice.
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P (•|ω1) denotes the conditional distribution of the elements from Ω2 × . . . × ΩM given ω1.
However, when we fix ω1 we see that A(ẋ1, ω1) is nothing else but the optimality gap of the
M − 1 stage problem

min
x2∈X2(ẋ1,ω1)

EP2(ω2|ω1)g2(ẋ1, x2, ω1, ω2).

Therefore, according to the induction assumption,

A(ẋ1, ω1) =
M−1∑

i=1

EP (ω2,...,ωM |ω1)η
′
i,ω1

(ω2, . . . , ωi+1) (3.16)

where

η′i,ω1
(ω2, . . . , ωi+1) = gi+1(ẋ1, ẋ2(ẋ1), . . . , ẋi+1(ẋ1, ẋ2(ẋ1), . . .), ω̄i+1)

−gi+1(ẋ1, ẋ2(ẋ1), . . . , x̂i+1(ẋ1, ẋ2(ẋ1), . . .), ω̄i+1)

for 1 ≤ i ≤ M − 1. Since η′i,ω1
(ω2, . . . , ωi+1) = ηi+1(ω1, ω2, . . . , ωi+1) for each 1 ≤ i ≤ M − 1 it

suffices to impose (3.16) into (3.15) to prove (3.14).
2

It is clear that the evaluation of ηΠ requires the ability to compute the expectation with respect
to P . In case we are unable to compute such expectations, ηΠ has to be estimated. The following
Theorem provides one of possible upper bounds of ηΠ.

Theorem 3.1. Let Π = (Π1, Π2, . . . , ΠM) be an approximation scheme and let there exist
constants d1, d2, . . . , dM such that

∣∣∣EP1(ω1)g1(x1, ω1)− EΠ1(ς1)g1(x1, ς1)
∣∣∣ ≤ d1

for each x1 ∈ X1 and
∣∣∣EPi(ωi|ω̄i−1)gi(x̄i, ω̄i−1, ωi)− EΠi(ςi|ω̄i−1)gi(x̄i, ω̄i−1, ςi)

∣∣∣ ≤ di

for each i = 2, 3, . . . ,M , ω̄i−1 ∈ Ω1 × Ω2 × . . . × Ωi−1, x1 ∈ X1, x2 ∈ X2(x1, ω1), . . ., xi ∈
Xi(x̄i−1, ωi−1). Then

ηΠ ≤ 2
M∑

i=1

idi.

Proof. First we show that

sup
x1∈X1

|EP1g1(x1)− EΠ1 g̃1(x1)| ≤
M∑

ν=1

dν (3.17)

by induction according to M : If M = 1 then g̃1 coincides with g1 so that (3.17) follows from
the definition of d1. If M > 1 and (3.17) holds for M − 1 then

supx1∈X1
|EP1g1(x1)− EΠ1 g̃1(x1)|

≤ sup
x1∈X1

|EP1g1(x1)− EΠ1g1(x1)|+ sup
x1∈X1

|EΠ1g1(x1)− EΠ1 g̃1(x1)|
≤ d1 + EΠ1 sup

x1∈X1

|g1(x1)− g̃1(x1)|
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(3.2)
= d1 + EΠ1(ς1) sup

x1∈X1

∣∣∣∣∣ min
x2∈X2(x1,ς1)

EP2(ω2|ς1)g2(x1, x2, ς1, ω2)

− min
x2∈X2(x1,ς1)

EΠ2(ς2|ς1)g̃2(x1, x2, ς1, ς2)

∣∣∣∣∣

≤ d1 + EΠ1(ς1) sup
x1∈X1

(
sup

x2∈X2(x1,ς1)

[
EP2(ω2|ς1)g2(x1, x2, ς1, ω2)− EΠ2(ς2|ς1)g̃2(x1, x2, ς1, ς2)

])

≤ d1 +
M∑

ν=2

dν (3.18)

according to the induction assumption being applied to the first stage interior problem

min
x2∈X2(x1,ω1)

EP2(ω2|ω1)g2(x1, x2, ω1, ω2).

Hence, (3.17) is proven3 and we may use a well known procedure to get

η1 = EP1g1(ẋ1)− EP1g1(x̂1)

= EP1g1(ẋ1)− EΠ1 g̃1(ẋ1) + EΠ1 g̃1(ẋ1)− EP1g(x̂1)

≤ EP1g1(ẋ1)− EΠ1 g̃1(ẋ1) + EΠ1 g̃1(x̂1)− EP1g(x̂1)

≤ 2 sup
x1∈X1

|EP1g1(x1)− EΠ1 g̃1(x1)|
(3.17)

≤ 2
M∑

ν=1

dν (3.19)

(η1 is defined by (3.12)).
Let 2 ≤ i ≤ M and ω̄i−1 ∈ Ω1 × . . .× Ωi−1. When we apply (3.19) to the interior problem

min
xi∈Xi(ẋ1,ẋ2(ẋ1),...,ẋi−1(ẋ1,...),ω̄i−1)

EPi(ωi|ω̄i−1)gi(ẋ1, ẋ2(ẋ1), . . . , ẋi−1(ẋ1, . . .), xi, ω̄i−1, ωi)

we get that

ηi(ω̄i−1) ≤ 2
M∑

ν=i

dν (3.20)

so that

ηΠ
Lemma 3.1.

=
M∑

i=1

EP ηi

(3.19),(3.20)

≤ 2
M∑

i=1

M∑

ν=i

dν = 2
M∑

i=1

idν .

2

To assure the assumptions of the Theorem 3.1., we shall suppose, until the end of the subsection
3.2.1, that

(1.a) Ωi = Rki for some ki, i = 1, 2, . . . , M and Ai is the Borel sigma algebra for each i =
1, 2, . . . , M .

(1.b) each function gi(x̄i, ω̄i−1, •), 1 ≤ i ≤ M , is l1-Lipschitz (i.e. there exists a constant Ki

such that |gi(x̄i, ω1, . . . , ωi−1, ω)− gi(x̄i, ω1, . . . , ωi−1, ω
′)| ≤ Ki‖ω−ω′‖1, for each possible

ω̄i−1, each x̄i feasible given ω̄i−1 and each ω, ω′ ∈ Ωi),

3To derive (3.18) we have exploited idea similar to Kaňková in [25], pp. 137-138 as well as the well known fact
that min f(x)−min g(x) = f(arg min f(x))−g(arg min g(x)) ≤ f(arg min g(x))−g(arg min g(x)) ≤ supx[f(x)−
g(x)].

62



Remark 3.3. Sufficient conditions for the assumption (1.b) are stated in [24], for instance.

There are many ways how to choose a discrete distribution approximating the “exact” distribu-
tion at each stage (see [10] chp. II. 5). We shall use grid discretizations (see the section 1.2.1,
Definition 1.1.). The following Theorem provides an upper bound of the optimality gap.

Theorem 3.2. Let Π be an approximating scheme of dimensions n1, n2, . . . , nM such that
Πi(•|ω̄i−1) is a grid discretization of Pi(•|ω̄i−1) for each ω̄i−1 ∈ Rk1 ×Rk2 × . . . × Rki−1 , i =
1, 2, . . . ,M . Moreover, let there exist constants di,ν , i = 1, 2, . . . , M , ν = 1, 2, . . . , ki such that

dW (Pi,ν(•|ω̄i−1), Πi,ν(•|ω̄i−1)) ≤ di,ν (3.21)

for each i = 1, 2, . . . , M and ω̄i−1 ∈ Rk1 ×Rk2 × . . . × Rki−1 (Pi,ν(•|ω̄i−1) denotes the ν-th
marginal distribution of Pi(•|ω̄i−1), Πi,ν(•|ω̄i−1) denotes the ν-th marginal distribution of p.d.
Πi(•|ω̄i−1), we put P1(•|ω̄0) := P1(•) and Π1(•|ω̄0) := Π1(•)). Then

ηΠ ≤ 2
M∑

i=1


i ·Ki ·

ki∑

ν=1

di,ν




for each choice of the approximating problem’s solutions.

Proof. Since

∣∣∣EPi(ωi|ω̄i−1)gi(x̄i, ω̄i−1, ωi)− EΠi(ςi|ω̄i−1)gi(x̄i, ω̄i−1, ςi)
∣∣∣

Lemma 1.2.≤ Ki

ki∑

ν=1

dW (Pi,ν(•|ω̄i−1), Πi,ν(•|ω̄i−1))
(3.21)

≤ Ki

ki∑

ν=1

di,ν

for each 1 ≤ i ≤ M , each ω̄i−1 ∈ Ω1 × Ω2 × . . . × Ωi−1 and each x̄i feasible given ω̄i−1, the
assertion of the present Theorem is a direct consequence of Theorem 3.1.
2

The next Theorem evaluates the convergence rate of the optimality gap. We examine the
convergence rate with respect to the number of atoms of the approximating scheme. The
reason is that the size (number of constrains) of the approximating problem depends just on
the number of the atoms of the approximating distribution.

Theorem 3.3. Let Pi(•|ω̄i−1) have finite first absolute moment for each 1 ≤ i ≤ M and each
ω̄i−1 ∈ Ω1 × . . .× Ωi−1. Assume that there exists a constant D and a function h(x) = O(x−a)
as x →∞ such that

max(F
ω̄i−1

i,ν (−x), 1− F
ω̄i−1

i,ν (x)) ≤ h(x) (3.22)

for each i = 1, 2, . . . , M , ν = 1, 2, . . . , ki, ω̄i−1 ∈ Rk1 ×Rk2 × . . .×Rki−1 and x ≥ D (the symbol
F

ω̄i−1

i,ν denotes the distribution function of Pi,ν(•|ω̄i−1)). Then there exists a sequence {Πn}∞n=1

of at most n-atom approximation schemes such that

ηΠn = O
(
n

1
k
(−1+1/a)

)
, k =

M∑

i=1

ki

independently of the choice of the approximating problem’s solutions (see Theorem 3.1. for the
notation).
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Proof. Denote µn = bn1/kc and assume that µ1/a
n ≥ D. When we put C = µ1/a

n in Lemma
1.5. we get that for each 1 ≤ i ≤ M , 1 ≤ ν ≤ ki and ω̄i−1 ∈ Ω1 × . . .× Ωi−1 there exists a grid
discretization Πµn

i,ν,ω̄i−1
of Pi,ν(•|ω̄i−1) with the dimension no greater than µn such that

dW (Πµn
i,ν,ω̄i−1

, Pi,ν(•|ω̄i−1))
Lemma 1.5.≤

∫ −µ
1/a
n

−∞
F

ω̄i−1

i,ν (ξ)dξ +
2µ1/a

n

µn − 2
+

∫ ∞

µ
1/a
n

[1− F
ω̄i−1

i,ν (ξ)]dξ
(3.22)

≤ δ̄µn

(3.23)
where

δ̄µn = 2
∫ ∞

µ
1/a
n

h(ξ)dξ +
2µ1/a

n

µn − 2

and it could be shown analogously to proof of Theorem 1.3. that

δ̄µn = δ̄bn1/kc = O(n1/k(−1+1/a)). (3.24)

Let Πµn
1 be the grid discretization defined by Πµn

1,1, Π
µn
1,2, . . . , Π

µn

1,k1
and let Πµn

i,ω̄i−1
be the grid

discretization defined by Πµn
i,1,ω̄i−1

, Πµn
i,2,ω̄i−1

, . . . , Πµn

i,ki,ω̄i−1
for each i = 2, 3, . . . , M , ω̄i−1 ∈ Ω1 ×

Ω2 × . . .×Ωi−1 (see Remark 1.2., (iii) for explanation how Πµn
i,ω̄i−1

is defined using its marginal
distributions) and let Πn be the approximation scheme defined by Πµn

1 , Πµn
2,•, . . . , Π

µn

M,•. Clearly,
Πn has

µk1
n · µk2

n · . . . · µkM
n = µk

n ≤ n

atoms and

ηΠn

Theorem 3.2.≤ δ̄µn

M∑

i=1

ikiKi
(3.24)
= O(n1/k(−1+1/a)).

2

3.2.2 Monte Carlo

The Monte Carlo approximation of MSSPP may be viewed as the replacement of the original
distribution by a discrete distribution with random atoms. The procedure of the approximation
is as follows:

At first, a random sample

ζ1
1 , ζ

1
2 , . . . , ζ

1
n1

, ζ1
j1
∼ P1, j1 = 1, 2, . . . , n1 (3.25)

is generated. Further, we proceed by induction: Once ζ1
j1,j2,...,ji

is generated for some 1 ≤ j1 ≤
n1, 1 ≤ j2 ≤ n2, . . . , 1 ≤ ji ≤ ni, i < M , we generate a (conditionally independent) sample
from Pi+1(•|ζ1

j1
, ζ1

j1,j2
, . . . , ζ1

j1,j2,...,ji
). Mathematically speaking, we define

ζ1
j1,j2,...,ji,1

, ζ1
j1,j2,...,ji,2

, . . . , ζ1
j1,j2,...,ji,ni+1

,

L(ζ1
j1,j2,...,ji,ji+1

|ζ1
j1

, ζ1
j1,j2

, . . . , ζ1
j1,j2,...,ji

) = Pi+1(•|ζ1
j1

, ζ1
j1,j2

, . . . , ζ1
j1,j2,...,ji

), ji+1 = 1, 2, . . . , ni+1

(3.26)
such that ζ1

j1,j2,...,ji,ji+1
, ji+1 = 1, 2, . . . , ni+1, are mutually conditionally independent given

ζ1
j1

, ζ1
j1,j2

, . . . , ζ1
j1,j2,...,ji

.4 We repeat the induction step until ζ1
j1,j2,...,jM

is generated for each
j1 ≤ n1, j2 ≤ n2, . . . , jM ≤ nM .

4We say that variables A and B are conditionally independent given variable C if there exists L(A,B|C),
L(A|C) and L(B|C) such that L(A,B|c) = L(A|c)⊗ L(B|c) for each possible value c of C.
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Then, P1 is replaced by the discrete distribution
{
ζ1
j1

, 1/n1

}n1

j1=1
, each Pi(•|ζ1

j1
, . . . , ζ1

j1,...,ji−1
),

1 ≤ j1 ≤ n1, . . ., 1 ≤ ji ≤ ni, i = 2, 3, . . . , M , is replaced by the discrete distribution{
ζ1
j1,j2,...,ji

, 1/ni

}ni

ji=1
and the approximate problem is solved.

In the sequel, we shall write ζ̄1
j1,j2,...,ji

instead of ζ1
j1

, ζ1
j1,j2

, . . . , ζ1
j1,j2,...,ji

.
The idea of sampling from conditional distributions to approximate MSSPP, described

above, is not new. In [43], for instance, the consistency of the approximate problem’s opti-
mal value as an estimator of the exact problem’s optimal value is shown. In the present work
the optimality gap of the MC approximation of MSSPP is defined, its decomposition and its
upper bound are provided and the convergence rate is shown.

Remark 3.4.

ζ̄1
j1,j2,...,jM

∼ P (3.27)

for each 1 ≤ j1 ≤ n1, 1 ≤ j2 ≤ n2, . . . , 1 ≤ jM ≤ nM .

Proof. We proceed by induction:

From (3.25), we have that L(ζ1
j1

) = P1 for each 1 ≤ j1 ≤ n1.

Induction step. Let 1 < i ≤ M , put Qi(•|•) := L(ζ1
j1,j2,...,ji

|ζ̄1
j1,j2,...,ji−1

) and Q̄i := L(ζ̄1
j1,j2,...,ji

),

denote P̄i the marginal distribution of elements from Ω1×Ω2× . . .×Ωi with respect to P and
assume that

Q̄i−1 = P̄i−1. (3.28)

Let A ⊆ Ω1×. . .×Ωi−1 be measurable set (w.r.t. A1⊗. . .⊗Ai−1) and let B ⊆ Ωi be measurable
set (w.r.t. Ai). Then, according to the definition of conditional probability,

Q̄i[A×B]
def. of c. p.

=
∫

A
Qi(B|z1, z2, . . . , zi−1)dQ̄i−1(z1, z2, . . . , zi−1)

(3.28)
=

∫

A
Qi(B|z1, z2, . . . , zi−1)dP̄i−1(z1, z2, . . . , zi−1)

(3.26)
=

∫

A
Pi(B|z1, z2, . . . , zi−1)dP̄i−1(z1, z2, . . . , zi−1)

def. of c. p.
= P̄i[A×B].

By putting i = M we get the assertion of the Remark.
2

Let ξ̄M = (ξ1, ξ2, . . . , ξM) ∼ P . Similarly to the start of the subsection 3.2.1, we assume that
once the “chance” has realized itself as ξ̄i := (ξ1, ξ2, . . . , ξi) at stage 1 ≤ i < M , the user of
the model solves (3.8) the way analogous to the first stage: First, the distribution Pi+1(•|ξ̄i) is
replaced by the distribution with probabilities 1/ni+1 and with atoms

ζ i+1
1 , ζ i+1

2 , . . . , ζ i+1
ni+1

, (3.29)

L(ζ i+1
ji+1
|ξ̄i) = Pi+1(•|ξ̄i), ji+1 = 1, 2, . . . , ni+1, (3.30)

such that ζ i+1
1 , ζ i+1

2 , . . . , ζ i+1
ni+1

are conditionally independent given ξ̄i. Then, each distribution

Pν(•|ξ̄i, ζ
i+1
ji+1

, ζ i+1
ji+2

, . . . , ζ i+1
jν−1

) is replaced by the distribution with probabilities 1/nν and with
atoms

ζ i+1
ji+1,ji+2,...,1, ζ

i+1
ji+1,ji+2,...,2, . . . , ζ

i+1
ji+1,ji+2,...,nν

(3.31)

65



L(ζ i+1
ji+1,ji+2,...,jν

|ξ̄i, ζ̄
i+1
ji+1,ji+2,...,jν−1

) = Pν(•|ξ̄i, ζ̄
i+1
ji+1,ji+2,...,jν−1

), jν = 1, 2, . . . , nν , (3.32)

such that
ζ i+1
ji+1,ji+2,...,1, ζ

i+1
ji+1,ji+2,...,2, . . . , ζ

i+1
ji+1,ji+2,...,nν

are conditionally independent given (ξ̄i, ζ̄
i+1
ji+1,ji+2,...,jν−1

) (in the sequel, we shall denote

ζ̄ i+1
ji+1,ji+2,...,jν

= ζ i+1
ji+1

, ζ i+1
ji+1ji+2

, . . . , ζ i+1
ji+1,...,jν

for readability).

Remark 3.5.
(ξ̄i, ζ̄

i+1
ji+1,ji+2,...,jM

) ∼ P (3.33)

for each ji+1 = 1, 2, . . . , ni+1, ji+2 = 1, 2, . . . , ni+2, . . . , jM = 1, 2, . . . , nM .

Proof. It could be proved similarly to Remark 3.4. that

L(ζ̄ i+1
ji+1,ji+2,...,jM

|ξ̄i) = L(ξi+1, ξi+2, . . . , ξM |ξ̄i)

which implies the assertion of the present Remark.
2

Denote
Ξi = (ζ̄ i

1,1,...,1, ζ̄
i
1,1,...,2, . . . , ζ̄

i
ni,ni+1,...,nM

)

the vector of all atoms of approximating distributions at the i-th stage and assume that

(2.a) Ξ1 is independent of ξ̄M and

(2.b) Ξi is conditionally independent of ξ̄M given ξ̄i−1 for each 1 < i ≤ M .

It would seem straightforward to define the optimality gap as a conditional expectation given
all the approximating distributions. However, if we did so, then we would get into trouble
with the dependence of the atoms ζ i

•, 1 < i ≤ M , on ξ: First, it would be difficult to work
with such a quantity. Second, it would be strange to think of “expected costs given the future
Monte Carlo sampling”. Moreover, we may encounter problems with the measurability of the
approximate solution. Therefore, we proceed different way.

The actual loss caused by the approximation is

gM(x̃1, x̃2(x̃1), . . . , x̃M(x̃1, . . . , x̃M−1), ξ̄M)− gM(x̂1, x̂2(x̂1), . . . , x̂M(x̂1, . . . , x̂M−1), ξ̄M)

where x̂1 (an arbitrary) solution of (3.1), x̃1 = x̃1(Ξ1) (an arbitrary solution) of the first stage
approximating problem, x̂i(x̄i−1) = x̂i(x̄i−1, ξ̄i−1) (an arbitrary) solution of (3.8) with ω̄i−1 =
ξ̄i−1 and x̃i(x̄i−1) = x̃i(x̄i−1, ξ̄i−1, Ξi) (an arbitrary) solution of the i-th stage approximating
problem given that decision(s) x̄i−1 were taken in the first i−1 stages. Of course, we may write

gM(x̃1, x̃2, . . . , x̃M , ξ̄M)− gM(x̂1, x̂2, . . . , x̂M , ξ̄M) =
M∑

i=1

hi

where

hi = hi(ξ̃M , Ξ1, . . . , Ξi)

= gM(x̃1, . . . , x̃i, x̂i+1, . . . , x̂M , ξ̄M)− gM(x̃1, . . . , x̃i−1, x̂i, . . . , x̂M , ξ̄M).
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If all x̃1, x̃2(x̃1), . . . , x̃M(x̃1, . . . , x̃M−1) are measurable then we could define (but we will not)
the optimality gap as

η̃′n1,n2,...,nM
=

M∑

i=1

E(hi|ξ̄i−1, Ξ1, . . . , Ξi).

It is well known that if X, Y and Z are random variables such that X is conditionally inde-
pendent of Y given Z then

L(X|Y, Z) = L(X|Z). (3.34)

Using it we get

E(hi|ξ̄i−1, Ξ1, . . . , Ξi)

=
∫

Ωi×...×ΩM

hi(ξ̄i−1, ωi, . . . , ωM , Ξ1, . . . , Ξi)

dL(ξi, . . . , ξM |ξ̄i−1, Ξ1, . . . , Ξi)(ωi, . . . , ωM)
(2.b),(3.34)

=
∫

Ωi×...×ΩM

hi(ξ̄i−1, ωi, . . . , ωM , Ξ1, . . . , Ξi)

dL(ξi, . . . , ξM |ξ̄i−1)(ωi, . . . , ωM)

= EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̃i, ξ̄i−1, ωi)

−EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̂i, ξ̄i−1, ωi). (3.35)

(we got the last “=” by a successive application of the fact, following from (3.2), that

gν(x̄ν , ω̄ν) = EPν+1(ων+1|ω̄ν)gν+1(x̄ν , x̂ν+1, ω̄ν+1)

for each possible ω̄ν , each x̄ν feasible given ω̄ν−1 and each ν = i, . . . ,M − 1).
Now we may formulate an analogy of Lemma 3.1.

Lemma 3.2. If all x̃1, x̃2(x̃1), . . . , x̃M(x̃1, . . . , x̃M−1) are measurable and if the assumptions
(2.a) and (2.b) are fulfilled then it holds that

η̃′n1,n2,...,nM
=

M∑

i=1

h̃i
ni,...,nM

where

h̃i
ni,...,nM

= EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̃i, ξ̄i−1, ωi)− EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̂i, ξ̄i−1, ωi).

Proof. The assertion follows from the previous text.
2

Unfortunately, no sufficient condition assuring the measurability of the approximate solutions,
applicable to the definition (3.1) of MSSPP, is known to the author. However, we may define
the optimality gap of the Monte Carlo approximation of MSSPP even for non-measurable ap-
proximate solutions, using the reformulation given by Lemma 3.2., as

η̃n1,n2,...,nM
:=

∑M
i=1 h̃i

ni,...,nM

=
M∑

i=1

[EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̃i, ξ̄i−1, ωi)− EPi(ωi|ξ̄i−1)gi(x̃1, . . . , x̃i−1, x̂i, ξ̄i−1, ωi)].
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It should be stressed that η̃n1,n2,...,nM
may not be measurable, however, we introduce its mea-

surable bounds in the present work.
The following assertion is an analogy of Theorem 3.1.

Theorem 3.4. There exists a random variable G such that

ηn1,n2,...,nM
≤ G (3.36)

for each choice of approximate problem’s solution and

EG ≤
M∑

i=1

i · [EDi + ED′
i] (3.37)

where

Di = Di(ξ̄i−1, ζ
i
•) = Di(ξ̄i−1, ζ

i
1, . . . , ζ

i
ni

)

= sup
x1∈X1,x̄2∈X2(x1,ξ1),...,x̄i∈Xi(x̄i−1,ξ̄i−1)


EPi(ωi|ξ̄i−1)gi(x̄i, ξ̄i−1, ωi)− 1

ni

ni∑

ji=1

gi(x̄i, ξ̄i−1, ζ
i
ji
)




and

D′
i = D′

i(ξ̄i−1, ζ
i
•) = D′

i(ξ̄i−1, ζ
i
1, . . . , ζ

i
ni

)

= sup
x1∈X1,x̄2∈X2(x1,ξ1),...,x̄i∈Xi(x̄i−1,ξ̄i−1)


 1

ni

ni∑

ji=1

gi(x̄i, ξ̄i−1, ζ
i
ji
)− EPi(ωi|ξ̄i−1)gi(x̄i, ξ̄i−1, ωi)




(both sides of (3.37) may take infinite values).

Proof. Similarly to the proof of Theorem 3.1. we get that

h̃1
n1,n2,...,nM

≤ G1 + G′
1 (3.38)

where

G1 := sup
x1∈X1


Eg1(x1, ξ1)− 1

n1

n1∑

j1=1

g̃1(x1, ζ
1
j1

)




and

G′
1 := sup

x1∈X1


 1

n1

n1∑

j1=1

g̃1(x1, ζ
1
j1

)− Eg1(x1, ξ1)


 .

(g̃1 is defined by (3.7), we have put ςj1,...,jν = ζ1
j1,...,jν

and pj1,...,jν = 1/nν for each ν in the
definition).

Further, it could be shown analogously to the proof of Theorem 3.1. that

G1 ≤ D1(ζ
1
• ) +

M−1∑

ν=1

n1∑

j1=1

n2∑

j2=1

. . .
nν∑

jν=1

1∏ν
i=1 ni

Dν+1(ζ̄
1
j1,j2,...,jν

, ζ1
j1,j2,...,jν ,•) (3.39)

and, by taking expectation on the both sides of (3.39) and by using Remark 3.4. and Remark
3.5., we get that

EG1 ≤ E
M∑

ν=1

Dν(ξν−1, ζ
ν
• ). (3.40)
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Analogously we obtain that

EG′
1 ≤ E

M∑

ν=1

D′
ν(ξν−1, ζ

ν
• ).. (3.41)

When we apply the same proof to the i-the stage problem, we get that, for each i = 2, 3, . . . , M ,
there exist Gi and G′

i such that
h̃i

ni,...,nM
≤ Gi + G′

i (3.42)

and

E(Gi + G′
i) ≤ E

M∑

ν=i

[Dν + D′
ν ]. (3.43)

By the combination of (3.38), (3.40), (3.41), (3.42) and (3.43) we get that

G :=
n∑

i=1

[Gi + G′
i]

fulfils (3.36) and (3.37). Hence, the Theorem is proven.
2

Before we state a bound of the MSSPP approximation convergence rate, assume that

(2.c) X1 ⊂ Rr1 and Xi(x̄i−1, ω̄i−1) ⊂ Rri for each possible ω̄i−1, each x̄i−1 feasible given ω̄i−2,
and 1 < i ≤ M ,

(2.d) each function gi(•, ω̄i), 1 ≤ i ≤ M , is uniformly l2-Lipschitz (i.e. there exists Ki ∈ R such
that |gi(x̄i, ω̄i) − gi(ȳi, ω̄i)| ≤ Ki‖x̄i − ȳi‖2, for each possible ω̄i and each x̄i,ȳi feasible
given ω̄i−1) and

(2.e) there exist H1, H2, . . . , HM ∈ R such that

∣∣∣E
(
gi(x̄i, ξ̄i)

∣∣∣ ξ̄i−1

)
− gi(x̄i, ξ̄i)

∣∣∣ ≤ Hi

for each possible ξ̄i, i = 1, 2, . . . ,M .

Theorem 3.5. Denote
X̂1 = X1

and
X̂i =

{
x̄i : x̄i−1 ∈ X̂i−1,xi ∈ Xi(x̄i−1, ω̄i−1) for some ω̄i−1 ∈ Ω1 × . . .× Ωi−1

}

and assume that X̂i are compact for each i = 1, 2, . . . , M . If ni = bn1/Mc for each 1 ≤ i ≤ M
then there exist random variables T1, T2, . . . such that

η̃n := η̃n1,n2,...,nM
≤ Tn

and that
Tn = oP

(
n−

1
2M

+δ
)

as n →∞ for each arbitrarily small δ > 0.
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Proof. We do an estimate similar to the one from the proof of Theorem 3.4.:

T1,n := max
x1∈X1


 1

n1

n1∑

j1=1

(
Eg1(x1, ξ1)− g̃1(x1, ζ

1
j1

)
)



≤ max
x1∈X1


 1

n1

n1∑

j1=1

(
Eg1(x1, ξ1)− g1(x1, ζ

1
j1

)
)



+ max
x1∈X1


 1

n1

n1∑

j1=1

(
g1(x1, ζ

1
j1

)− g̃1(x1, ζ
1
j1

)
)



= max
x1∈X1


 1

n1

n1∑

j1=1

(
Eg1(x1, ξ1)− g1(x1, ζ

1
j1

)
)



+ max
x1∈X1


 1

n1n2

n1∑

j1=1

n2∑

j2=1

(
EP2(ω2|ζ1

j1
)g2(x1, x̂2, ζ

1
j1

, ω2)− g̃2(x1, x̃2, ζ̄
1
j1,j2

)
)



≤ max
x1∈X1


 1

n1

n1∑

j1=1

(
Eg1(x1, ξ1)− g1(x1, ζ

1
j1

)
)



+ max
x̄2∈X̂2


 1

n1n2

n1∑

j1=1

n2∑

j2=1

(
EP2(ω2|ζ1

j1
)g2(x̄2, ζ

1
j1

, ω2)− g̃2(x̄2, ζ̄
1
j1,j2

)
)



≤ . . .

≤
M∑

ν=1

max
x̄i∈X̂i

Bi(x̄i)

where

Bi(x̄i) =
1

∏i
j=1 nj

n1∑

j1=1

. . .
ni∑

ji=1

Gi
j1,...,ji

,

Gi
j1,...,ji

= Gi(x̄i, ζ̄
1
j1,...,ji

) =
[
E

(
gi(x̄i, ζ̄

1
j1,...,ji−1,1)

∣∣∣ ζ̄1
j1,...,ji−1

)
− gi(x̄i, ζ̄

1
j1,...,ji

)
]
.

Similarly we could get that

T ′
1,n := max

x1∈X1


 1

n1

n1∑

j1=1

(
g̃1(x1, ζ

1
j1

)− Eg1(x1, ξ1)
)

 ≤

M∑

ν=1

max
x̄i∈X̂i

B′
i(x̄i)

where

B′
i(x̄i) =

1
∏i

j=1 nj

n1∑

j1=1

. . .
ni∑

ji=1

G
′i
j1,...,ji

,

G
′i
j1,...,ji

= G
′i(x̄i, ζ̄

1
j1,...,ji

) =
[
gi(x̄i, ζ̄

1
j1,...,ji

)− E
(
gi(x̄i, ζ̄

1
j1,...,ji−1,1)

∣∣∣ ζ̄1
j1,...,ji−1

)]
.

The rest of the proof is very similar to proof one of Theorem 2.3.: Denote d = Mδ. Since

E(Gi
j1,j2,...,ji

|ζ̄1
j1,...,ji−1

) = 0,

var(Gi
j1,j2,...,ji

|ζ̄1
j1,...,ji−1

) = E
([

E
(
gi(x̄i, )| ζ̄1

j1,...,ji−1

)
− gi(x̄i, ζ̄

1
j1,...,ji

)
]2

∣∣∣∣ ζ̄1
j1,...,ji−1

)

Remark 3.4., (2.e)

≤ H2
i (3.44)
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and since Gi
j1,j2,...,1, G

i
j1,j2,...,2, . . . , G

i
j1,j2,...,n1

are conditionally independent given ζ̄1
j1,...,ji

, we may
apply Theorem A.4. to get

P
(
n

1/2−d
i

1
ni

∑ni
ji=1 Gi

j1,j2,...,ji
≥ η

∣∣∣ ζ1
j1,j2,...,ji−1

)

= P


n

1/2
i

1

ni

ni∑

ji=1

Gi
j1,j2,...,ji

≥ nd
i η

∣∣∣∣∣∣
ζ1
j1,j2,...,ji−1




≤ exp

{
− n2d

i η2

2 var(Gi
j1,...,ji

|ζ1
j1,j2,...,ji−1

)
ψ

(
nd

i ηHi

var(Gi
j1,...,ji

|ζ1
j1,j2,...,ji−1

)
√

n

)}

(b) of Th. A.4.

≤ exp

{
−n2d

i η2

2H2
i

ψ

(
nd

i ηHi

H2
i

√
n

)}
(c) of Th. A.4.

≤ exp




−n2d

i η2

2H2
i

1

1 +
nd

i η

3Hi
√

n





≤ exp



−nd

i

η2

2H2n−d
i + 2

3
Hiηn

−1/2
i



 ≤ exp

{
−nd

i C
i
η

}

where Ci
η = η2

2H2
i + 2

3
ηHi

. Since the upper bound does not depend on the condition, we also have

that

P


n

1/2−d
i

1

ni

ni∑

ji=1

Gi
j1,j2,...,ji

≥ η


 ≤ exp

{
−nd

i C
i
η

}
.

Further, since P (X̄n ≥ a) ≤ ∑n
i=1 P (Xi ≥ a) for each sequence of random variables X1, . . . , Xn,

we get

P
(
n

1/2−d
i Bi(x̄i) ≥ η

)
≤

i−1∏

ν=1

nν exp
{
−nd

i C
i
η

}

(we take
∏0

ν=1 nν = 1). Finally, we get, analogously to the proof of Theorem 2.3., that there
exist y1,y2, . . . , yN(ni,η) ∈ X̂i,

N(ni, η) ≤
(
Di

ηn
1/2−d
i + 1

)∑i

ν=1
kν

for some constant Di
η, independent of ni, such that

P

(
n

1/2−d
i max

x̄i∈X̂i

Bi(x̄i) ≥ η

)
≤

N(ni,η)∑

ν=1

P
(
n

1/2−d
i Bi(yν) ≥ η/3

)

(3.51)

≤
(
Di

ηn
1/2−d
i + 1

)∑i

ν=1
kν

i−1∏

ν=1

nν exp
{
−nd

i C
i
η/3

}

=
(
Di

ηbn1/kc1/2−d + 1
)∑i

ν=1
kν bn1/kci−1 exp

{
−bn1/kcdCi

η/3
}

n→∞−→ 0.

so that
max
x̄i∈X̂i

Bi(x̄i) = oP

(
n
−1/2+d
i

)
= oP

(
n−

1
2M

+δ
)

Similarly we get that
max
x̄i∈X̂i

B′
i(x̄i) = oP

(
n−

1
2M

+δ
)
.
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so that
h̃1

n1,n2,...,nM
≤ T1,n + T ′

1,n ≤ max
x̄i∈X̂i

Bi(x̄i) + max
x̄i∈X̂i

B′
i(x̄i) = oP

(
n−

1
2M

+δ
)
. (3.45)

Analogously we could get that there exist Tν,n, T ′
ν,n such that

h̃ν
nν ,...,nM

≤ Tν,n + T ′
ν,n = oP

(
n−

1
2M

+δ
)

(3.46)

for each 1 < ν ≤ M (the only difference would be that we would have (ξ̄i−1, ζ̄
i
ji,...,ji

) instead of
ζ1
j1,...,ji

and that we would have less sums in the estimate of Tν,n than in case of T1,n).
Using the definition of the optimality gap and the relations (3.45) and (3.46) we would then

get that

Tn :=
M∑

ν=1

(Tν,n + T ′
ν,n)

fulfils the assertion of the Theorem.
2

One may ask whether the convergence rate oP (n−1/M+δ) is not too conservative. We show that
it is not: we construct a problem fulfilling the formal definition of MSSPP with the convergence
rate of the expected optimality gap being O(n−1/M) where n is the number of atoms of the
approximating distribution.

Remark 3.6. For each M ≥ 1 there exists an M -stage optimization problem such that

Eη̃n = Eη̃n1,...,nM
= O

(
n−

1
M

)

where ni = b M
√

nc for each i = 1, 2, . . . , M .

Proof. Consider MSSPP
min
x1∈C

Eg1(x1, ξ1) (3.47)

where

gM(x̄i, ξ̄i) =
M∑

i=1

(fi(ξi)− xi)
2 (3.48)

and
gi(x̄i, ξ̄i) = min

xi+1∈C
E(gi+1(x̄i+1, ξ̄i+1)|ξ̄i) (3.49)

for each i = 1, 2, . . . , M−1, C = [−c, c] is some interval, fi : R → R are some Lipschitz functions
such that −c ≤ fi(•) ≤ c and var(fi(ξi)) > 0 for each i. Moreover, let ξi be independent of ξj

for each i 6= j.
Since E(X−x)2 is minimized by x = EX for each random variable X, it is easy to determine

the exact solution of the problem defined by (3.48) and (3.49) - it is

x̂1 = Ef1(ξ1), x̂2 = Ef2(ξ2), . . . , x̂M = EfM(ξM).

Similarly to the exact problem, the solution of the approximating problem defined by (3.48)
and

ġi(x̄i, ξ̄i) = min
xi+1∈C

1

ni+1

ni∑

ji+1=1

ġi+1(x̄i+1, ξ̄i, ζ
i
ji
)

is

x̃1 =
1

n1

n1∑

j1

f1(ζ
1
j1

), x̃2 =
1

n2

n2∑

j2=1

f2(ζ
2
j2

), . . . , x̃M =
1

nM

nM∑

jM=1

fM(ζM
jM

).
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We have that

Eh̃i
ni,...,nM

= E
[
E[(fi(ξi)− x̃i)

2|Ξi]− E(fi(ξi)− x̂i)
2
]

= E[(fi(ξi)− x̃i)
2]− E(fi(ξi)− x̂i)

2

= E(fi(ξi)− Efi(ξi))
2 + E(x̃i − Efi(ξi))

2 − E(fi(ξi)− Efi(ξi))
2

= var x̃i =
1

ni

var fi(ξi)

(we have used the fact that ζ i
j ∼ L(ξi) for each 1 ≤ j ≤ ni following from (3.33)). Hence

Eη̃n =
1

bn1/Mc
M∑

i=1

var fi(ξi) = O(n−1/M).

2

Remark 3.7. The problem, constructed in the proof of Remark 3.6., fulfils the assumptions
of Theorem 3.5.

Proof. It is obvious that the assumption (2.c) and the compactness of the sets X̂ are fulfilled.
Since

gi(x̄i, ω̄i) =
i∑

j=1

EPj
(fj − xj)

2 +
m∑

j=i+1

EPj
(fj − x̂j)

2

is bounded, we immediately see that the assumption (2.e) is fulfilled. We prove the assumption
(2.d): Since

|EPi
(fi−x)2−EPi

(fi−y)2| = |EPi
(x2−y2+2(y−x)fi)| ≤ |x+y||x−y|+2|x−y||EP fi| ≤ 4c|x−y|,

the Lipschitz property of the function gi follows easily.
2

Remark 3.8. The problem, constructed in the proof of Remark 3.6., fulfils the assumption
(1.b) of the subsection 3.2.1.

Proof. fi are bounded and Lipschitz, so that

|(fi(ω1)− xi)
2 − (fi(ω2)− xi)

2| = |fi(ω1) + fi(ω2)− 2xi||fi(ω1)− fi(ω2)| ≤ C‖ω1 − ω2‖

for some C ∈ R.
2

3.2.3 Quasi Monte Carlo

Assume that

(3.a) Ωi = Rκ, i = 1, 2, . . . , M , for some κ ∈ N and Ai is Borel sigma algebra for each
i = 1, 2, . . . , M .

Further, suppose that ni = mκ
i for some integers mi, i = 1, 2, . . . , M .

The Quasi Monte Carlo approximation is done a similar way as the Monte Carlo one, hence
we keep the notation of the section 3.2.2 in the present section. The “only” difference from
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the Monte Carlo is the procedure of generating the approximating distributions: For each
1 ≤ ν ≤ M , ν ≤ i ≤ M , 1 ≤ jν ≤ nν , 1 ≤ jν+1 ≤ nν+1, . . . , 1 ≤ ji ≤ ni, we put

ζν
jν ,jν+1,...,ji

= ζν,ni
jν ,jν+1,...,ji

= tPi(•|ξ̄ν−1,ζ̄
ν,ni−1
jν ,jν+1,...,ji−1

)(U
ν
ni,jν ,j2,...,ji

), (3.50)

where U ν
ni,jν ,jν+1,...,ji

is a random vector with the uniform distribution on a κ-dimensional cube
with the edge 1/mi such that

U ν
ni,jν ,jν+1,...,1, U

ν
ni,jν ,jν+1,...,2, . . . , U

ν
ni,jν ,jν+1,...,ni

are i.i.d. and their supports cover the unit cube (we take P1(•|•) = P1(•) and (ξ̄0, ζ̄
1
j1,j2,...,ji−1

) =

ζ̄1
j1,j2,...,ji−1

in (3.50)).
Let us describe the procedure in words:

1. We split the unit cube into n1 cubes, we generate exactly one random “observation” from
the uniform distribution on each cube and we transform each “observation” by tP1 . The
resulting set serve us as atoms of the first stage approximating distribution.

2. To get atoms of the distribution, approximating Pi(•|ζ̄1
j1,...,ji−1

), we split the unit cube into
ni cubes, generate an “observation” from each cube, and transform each “observation”
by tPi(•|ζ̄1

j1,...,ji−1
). We repeat this step until the approximating scenario tree is completely

generated.

3. After the “chance” realized itself as ξ̄ν−1, we approximate the ν-th interior problem ac-
cording to the steps 1. and 2.

Let ξ̄M ∼ P . In the present situation, we may adopt the definition of the optimality gap from
the subsection 3.2.2, i.e. we define the optimality gap of QMC approximation of MSSPP as

η̌n1,n2,...,nM
:=

M∑

i=1

ȟi
ni,...,nM

,

ȟi
ni,...,nM

= EPi(ωi|ξ̄i−1)gi(x̌1, . . . , x̌i−1, x̌i, ξ̄i−1, ωi)− EPi(ωi|ξ̄i−1)gi(x̌1, . . . , x̌i−1, x̂i, ξ̄i−1, ωi),

where x̌i, i = 1, 2, . . . , M are the solutions of QMC approximation of MSSPP. If we further
assume that

(3.b) Ξ1 is independent of ξ̄M and

(3.c) Ξi is conditionally independent of ξ̄M given ξ̄i−1 for each 1 < i ≤ M

then we may derive a result analogous to Lemma 3.2.

Lemma 3.3. Let x̌i be measurable for each i = 1, 2, . . . , M . Then, under the assumptions
(3.a), (3.b) and (3.c) it holds that

η̌n1,n2,...,nM
=

M∑

i=1

E(µ̌i
ni,...,nM

|ξ̄i−1, Ξ1, . . . , Ξi)
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where

µ̌i
ni,...,nM

= gM(x̌1, . . . , x̌i, x̂i+1, . . . , x̂M , ξ̄M)− gM(x̌1, . . . , x̌i−1, x̂i, . . . , x̂M , ξ̄M).

Proof. The proof is the same as the proof of Lemma 3.2.
2

Assume, until the end of the subsection 3.2.3 that

(3.d) X1 ⊂ Rr1 and Xi(x̄i−1, ω̄i−1) ⊂ Rri for each possible ω̄i−1, each x̄i−1 feasible given ω̄i−2,
and 1 < i ≤ M ,

(3.e) each function gi(•, ω̄i), 1 ≤ i ≤ M , is uniformly l2-Lipschitz (i.e. there exists Ki ∈ R such
that |gi(x̄i, ω̄i) − gi(ȳi, ω̄i)| ≤ Ki‖x̄i − ȳi‖2, for each possible ω̄i and each x̄i,ȳi feasible
given ω̄i−1),

(3.f) each function gi(x̄i, ω̄i−1, •), 1 ≤ i ≤ M , is uniformly l1-Lipschitz (i.e. there exists a
constant Li such that |gi(x̄i, ω1, . . . , ωi−1, ω) − gi(x̄i, ω1, . . . , ωi−1, ω

′)| ≤ Li‖ω − ω′‖1, for
each possible ω̄i−1, each feasible x̄i given ω̄i−1 and each ω, ω′ ∈ Ωi) and

(3.g) there exist H1, H2, . . . , HM ∈ R such that

∣∣∣E
(
gi(x̄i, ξ̄i)

∣∣∣ ξ̄i−1

)
− gi(x̄i, ξ̄i)

∣∣∣ ≤ Hi

for each possible ξ̄i, i = 1, 2, . . . ,M .

Under these assumptions, we may formulate the following Theorem.

Theorem 3.6. Let the sets X̂1, . . . , X̂M , defined at Theorem 3.5., be compact. Further, let
∂
∂u

F−1
λ (u|z1, z2, . . . , zλ−1) exist for each u ∈ (0, 1), each z1, z2, . . . , zλ−1 ∈ R, and each 1 ≤ λ ≤ k,

where k = Mκ (the symbol F1 denotes the first marginal d. f. of P and, for each λ = 2, 3, . . . , k,
Fλ(•|z) denotes the d. f. of the conditional distribution of the P ’s λ-th component given that
the first λ− 1 components equal to z) and let there exist constants C > 0 and 0 ≤ a ≤ 1 such
that

∂

∂u
F−1

λ (u|z1, z2, . . . , zλ−1) ≤ Cu−a

for each 0 < u ≤ 1/2, z1, z2, . . . , zλ−1 ∈ R, 1 ≤ λ ≤ k, and

∂

∂u
F−1

λ (u|z1, z2, . . . , zλ−1) ≤ C(1− u)−a

for each 1/2 ≤ u < 1, z1, z2, . . . , zλ−1 ∈ R, 1 ≤ λ ≤ k. If a ≥ 1 − κ/2 and if ni = bN1/κ
i cκ,

Ni = n1/M , for each 1 ≤ i ≤ M then there exist random variables T1, T2, . . . such that

η̌n := η̌n1,n2,...,nM
≤ Tn

and
Tn = oP

(
n−

2−2a+κ
2Mκ

+δ
)

as n →∞ for each arbitrarily small δ > 0.
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Proof. Since the proof is nearly identical to the proof of Theorem 3.4., we shall keep its
notation and we shall stress only the differences from the proof of the Theorem 3.4.

Fix 1 ≤ i ≤ M , let d = δM and define

Γi
n(x̄i) :=

1

ni

ni∑

ji=1

Gi
j1,j2,...,ji

(x̄i).

Since gi is bounded according to (3.g) and Lipschitz in ωi according to (3.f), since the d.f. of
the first marginal of Pi(•|ζ̄1

j1,...,ji−1
) is Fk̄i+1(•|ζ̄1

j1,...,ji−1
), where k̄i = (i− 1)κ, and since the j-th

conditional d.f. of Pi(•|ζ̄1
j1,...,ji−1

) given z1, . . . , zj−1 is Fk̄i+j(•|ζ̄1
j1,...,ji−1

, z1, . . . , zj−1), we may

apply Lemma 2.2. to the conditional distribution Pi(•|ζ̄1
j1,...,ji−1

) and get that for each η > 0

there exists a constant Ci
η independent of x̄i and ni such that

P
[
n

2−2a+κ
2κ

−d

i |Γi
n(x̄i)| ≥ η

∣∣∣∣ ζ̄1
j1,...,ji−1

]
≤ 2 exp

{
−Ci

ηn
d
i

}

for each n > 1 and x̄i ∈ X̂i, hence

P
[
n

2−2a+κ
2κ

−d

i |Γi
n(x̄i)| ≥ η

]
≤ 2 exp

{
−Ci

ηn
d
i

}

for each n > 1 and x̄i ∈ X̂i. Similarly to the proof of Theorem 3.4., we get that

P
(
n

2−2a+κ
2κ

−d

i Bi(x̄i) ≥ η
)
≤

i−1∏

ν=1

nν exp
{
−nd

i C
i
η

}
(3.51)

for each n > 1 and x̄i ∈ X̂i (Bi is defined in the proof of Theorem 3.4.) and, thanks to (3.e),

P

(
n

2−2a+κ
2κ

−d

i max
x̄i∈X̂i

Bi(x̄i) ≥ η

)
≤

(
Di

ηn
2−2a+κ

2κ
−d

i + 1
)iκ i−1∏

ν=1

nν exp
{
−nd

i C
i
η/3

}

for some Di
η independent of ni, so that

P

(
n

2−2a+κ
2κ

−d

i max
x̄i∈X̂i

Bi(x̄i) ≥ η

)
ni→∞−→ 0.

The same way as in the proof of Theorem 3.4., we may show that

ȟ1
n1,...,nM

≤ T1,n + T ′
1,n = oP

(
n

2−2a+κ
2Mκ

−δ
)

and
ȟi

ni,...,nM
≤ Ti,n + T ′

i,n = oP

(
n

2−2a+κ
2Mκ

−δ
)
.

for each i = 2, . . . ,M (Ti,n, T
′
i,n are defined in the proof of Theorem 3.4.). By putting

Tn =
M∑

i=1

[Ti,n + T ′
i,n]

we prove the present Theorem.
2
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3.3 Numerical Illustration

3.3.1 Test Problem Definition

Consider the problem of buying the unit amount of a divisible commodity under the following
conditions

1. It is possible to buy the commodity at instants 1, 2, . . . , M + 1 for (random) nonnegative
prices p1, p2, . . . , pM+1.

2. At each instant, it is possible to buy at most amount δ of the commodity.

3. Aim of the buyer is to minimize the total cost.

The mathematical definition of the problem is as follows:

min
0≤x1≤δ

E [p1x1 + φ2(1− x1)] (3.52)

where
φi(x) = min

0≤xi≤δ
Ei [pixi + φi+1(x− xi)]

for i = 2, 3, . . . , M and

φM+1(x) =

{
EM+1pM+1x if 0 ≤ x ≤ δ,
∞ otherwise

(Ei stands for EPi(pi|p̄i−1) and we adopt convention that minz∈∅ g(z) = ∞).
Evidently, (3.52) is M -stage MSSPP with

gM(x̄M , p̄M) =
M∑

i=1

pixi + EM+1pM+1

(
1−

M∑

i=1

xi

)

and

gi(x̄i, p̄i) = min
0≤xi+1≤δ,

∑i+1

i=1
xi≤1

Ei+1gi+1(x̄i, p̄i+1)

i = 1, 2, . . . , M − 1.

3.3.2 Test Problem Solution

If we assume that δ is such that there exists κ ≤ M + 1 fulfilling the condition κδ = 1 then
(3.52) is equivalent to

min
x1∈{0,δ}

E [p1x1 + φ′2(1− x1)] (3.53)

where
φ′i(x) = min

xi∈{0,δ}
Ei

[
pixi + φ′i+1(x− xi)

]

for i = 2, 3, . . . , M and

φ′M+1(x) =

{
EM+1pM+1x if x = 0 or x = δ
∞ otherwise

.

77



We prove the fact by induction: From the definition of φM+1 we see that φM+1(•) is piece-wise
linear convex mapping to R∪{∞} with breaks at the multiples of δ (we regard function g ≡ ∞
as linear).

Let 1 ≤ i ≤ M and assume that φM−i+1(•) is piece-wise linear convex with (possible) breaks
at multiples of δ. If we denote

f(z) := EM−i[−pM−iz + φM−i+1(z)].

then we may write

φM−i(x) = min
0≤y≤δ

EM−i[pM−iy + φM−i+1(x− y)]

= min
0≤y≤δ

EM−i[pM−iy − pM−ix + pM−ix + φM−i+1(x− y)]

= EM−ipM−ix + min
0≤y≤δ

f(x− y) = EM−ipM−ix + min
0≤x−z≤δ

f(z)

= EM−ipM−ix + min
x−δ≤z≤x

f(z). (3.54)

It follows from the induction assumption that f is piece-wise linear convex with (possible) breaks
at the multiples of δ. Denote ζ̂(x) (one of the) points in which f(•) attains its minimum. From
the piece-wise linearity of f it follows that we may choose ζ̂(x) so that ζ̂(x) = nδ for some
integer n. Since f is convex, one of the optimal solution(s) of the problem minx−δ≤z≤x f(z)

happens either in ζ̂(x) (if ζ̂(x) lies in the feasibility set), on the left boundary of the feasibility
set (if ζ̂(x) lies left to the feasibility set) or on the right boundary of the feasibility set (if ζ̂(x)
lies on the right of the set), i.e.

ẑ(x) := min(max(x− δ, ζ̂(x)), x) = min(max(x− δ, nδ), x) (3.55)

is an optimal solution of (3.54). It is clear that ẑ(•) is piecewise linear with breaks at multiples
of δ. Moreover, since ẑ(•) is constant on [nδ, (n + 1)δ]) and it is either constant or linear with
the unit slope outside this interval, it has to be nondecreasing and, moreover, ẑ(xi) equals to a
multiple of δ for each break xi of ẑ. Therefore, f(ẑ(x)) is piecewise linear convex with breaks
at multiples of δ and, consequently,

φM−i(x) = EM−1pM−ix + f(ẑ(x)) (3.56)

is piece-wise linear convex with breaks at multiples of δ.
By repeating the induction step we get that φ2 is piece-wise linear with breaks at multiples

of δ. Since, according to our requirements, 1 is a multiple of δ, φ2 is linear on [1− δ, 1] so that
(one of the) optimal solutions of min0≤y≤δ E[p1y + φ2(1 − y)] happens either at x1 = 0 or at
x1 = δ. Therefore, (one of the) solution(s) of the second stage problem is x2 = 0 or x2 = δ
(it is because φ3 is linear on [1 − 2δ, 1 − δ]). By repeating the step we get that each interior
problem has (one of the) solution(s) at 0 or at δ. Hence, the problem (3.52) is equivalent to
the problem (3.53).

3.3.3 The Illustration

In our illustration, we put

δ =

{
1 if M = 1
1/2 if M > 1

,
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p1 = 1 + U1

and

pi = 1 +
i−1∑

j=1

sin((2 + j)pj) + Ui, i = 2, 3, . . . , M

where Ui, i = 1, 2, . . . , M are i.i.d. variables each having the uniform distribution on [0, 1].
Since the optimality gap of (3.52) can hardly be computed exactly, we had to approximate

it: the quantity
ẑM := EP gM(ẋ1, ẋ2(ẋ1), . . . , ẋM(ẋ1, . . . , ẋM−1))

was computed using the discretization with Mn = 50 while

z̄M,n := EP gM(x̂1, x̂2(x̂1), . . . , x̂M(x̂1, . . . , x̂M−1))

was approximated using MC with sample size 10000 (we recall that the optimality gap equals
to z̄M,n − ẑM , see (3.11)).

The following tables show results for the three methods, examined in this work, i. e.
discretization (the optimality denoted by ηn, we have approximated the exact distribution by
a grid discretization at each stage), Monte Carlo (the expected optimality gap is denoted by
η̃n = η̃ M√n,..., M√n) and Quasi Monte Carlo (the expected optimality gap is denoted by ήn) for
various numbers of stages M . The numbers typed by the small font show estimated standard
errors of the MC computation of the optimality gap.

M=1
n ηn η̃n ήn

4 0.0007 0.0029 0.0448 0.0044 0.0368 0.0042

49 0.0017 0.0029 0.0449 0.0042 -0.0032 0.0029

144 0.0032 0.0029 0.0353 0.0041 0.0034 0.0029

289 -0.0001 0.0029 0.0342 0.004 -0.0011 0.0029

484 -0.0004 0.0029 0.0285 0.0039 0.0013 0.0029

729 -0.0012 0.0029 0.0238 0.0038 0.0048 0.0029

1024 0.0061 0.0029 0.0303 0.0038 -0.0007 0.0029

1369 0.0029 0.0029 0.0204 0.0037 0.0041 0.0029
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M=2
n ηn η̃n ήn

8 0.0021 0.0018 0.0431 0.0022 0.0156 0.0019

27 0.0005 0.0018 0.0312 0.0021 7.2424e-06 0.0018

64 -0.0003 0.0017 0.03 0.0021 -0.0016 0.0018

125 0.0003 0.0018 0.0191 0.002 -0.0018 0.0018

216 -0.0015 0.0018 0.0177 0.0019 0.0012 0.0018

343 0.0013 0.0018 0.0104 0.0019 -0.0037 0.0018

512 -0.0021 0.0018 0.0081 0.0019 -0.0017 0.0018

729 0.0026 0.0018 0.008 0.0019 0.0012 0.0018

1000 0.0007 0.0018 0.0082 0.0018 0.0009 0.0018

1331 -0.0009 0.0018 0.0038 0.0018 -0.0011 0.0018

1728 0.001 0.0018 0.0061 0.0018 -0.0011 0.0018

2197 0.0013 0.0018 0.0047 0.0018 0.0005 0.0018

2744 0.0005 0.0018 0.0065 0.0018 -0.0009 0.0018

3375 0.004 0.0018 0.0006 0.0018 -0.0022 0.0018

4096 -0.0001 0.0018 0.0015 0.0018 0.0018 0.0018

4913 -0.0005 0.0018 0.0023 0.0018 -0.0026 0.0018

5832 0.0002 0.0018 0.0028 0.0018 -0.0001 0.0018

6859 0.0012 0.0018 0.0044 0.0018 0.0011 0.0018

8000 -0.0004 0.0018 0.0015 0.0018 -0.0003 0.0018

9261 0.0009 0.0018 0.0038 0.0018 -0.004 0.0018

10648 0.0018 0.0018 0.0029 0.0018 0.0034 0.0018

12167 -0.0012 0.0018 0.0025 0.0018 0.002 0.0018

13824 0.0034 0.0018 0.0028 0.0018 -0.0004 0.0018

15625 -0.0015 0.0018 0.0023 0.0018 0.0003 0.0018

17576 -0.0021 0.0018 -0.0009 0.0018 -0.0017 0.0018

19683 0.002 0.0018 -6.6383e-05 0.0018 -0.0012 0.0018

21952 -0.0008 0.0018 0.0023 0.0018 -0.0027 0.0018

24389 -0.0014 0.0018 0.0021 0.0018 -0.0007 0.0018

27000 0.0013 0.0018 -0.0001 0.0018 -0.0015 0.0018

29791 0.0015 0.0018 0.0029 0.0018 0.001 0.0018

32768 0.0021 0.0018 -0.0017 0.0018 0.0008 0.0018

35937 -0.0014 0.0018 -0.0024 0.0018 -0.0015 0.0018

39304 -0.0027 0.0018 0.0001 0.0018 -0.0011 0.0018

42875 0.0008 0.0018 -0.0002 0.0018 0.0005 0.0018

46656 -0.0004 0.0018 -0.0002 0.0018 -0.0014 0.0018

50653 -8.5972e-05 0.0018 0.0017 0.0018 -0.0019 0.0018

54872 -0.0024 0.0018 0.0012 0.0018 0.0002 0.0018

59319 -0.0009 0.0018 0.0027 0.0018 -0.002 0.0018

64000 -0.0027 0.0018 0.002 0.0018 -0.0032 0.0018
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M=3
n ηn η̃n ήn

16 0.0011 0.0017 0.0331 0.002 0.0157 0.002

81 -0.0015 0.0017 0.0252 0.002 0.0074 0.0019

256 0.0004 0.0017 0.0174 0.002 0.0057 0.0018

625 -0.002 0.0017 0.02 0.002 0.0034 0.0018

1296 0.001 0.0017 0.02 0.0019 -0.0005 0.0018

2401 -0.0003 0.0017 0.0196 0.0019 0.0004 0.0017

4096 0.0001 0.0017 0.0155 0.0019 0.0028 0.0017

6561 0.0009 0.0017 0.0163 0.0019 -0.0013 0.0017

10000 -0.0018 0.0017 0.0155 0.0019 -0.0004 0.0017

14641 -0.0014 0.0017 0.0095 0.0019 0.0021 0.0017

20736 -0.0035 0.0017 0.0135 0.0019 -0.0008 0.0017

28561 0.0012 0.0017 0.0106 0.0019 0.0017 0.0017

38416 0.0007 0.0017 0.0095 0.0019 -0.0024 0.0017

50625 -0.0025 0.0017 0.0112 0.0019 -0.0017 0.0017

65536 -0.0007 0.0017 0.0149 0.0019 0.0012 0.0017

83521 -0.0035 0.0018 0.0093 0.0019 -0.0033 0.0017

104976 0.0007 0.0017 0.0091 0.0019 0.0036 0.0017

130321 0.0016 0.0017 0.0091 0.0019 0.0026 0.0017

1.6e+05 -0.0018 0.0017 0.0074 0.0019 -0.002 0.0017

1.9448e+05 0.0002 0.0017 0.0077 0.0019 0.0009 0.0017

M=4
n ηn η̃n ήn

32 0.0014 0.0017 0.0333 0.0021 0.0114 0.002

243 0.0008 0.0017 0.0254 0.0021 0.0075 0.002

1024 -0.0022 0.0023 0.0185 0.0021 0.0059 0.002

3125 0.0008 0.0017 0.0193 0.0021 0.0072 0.002

7776 -0.0005 0.0022 0.0179 0.0021 0.0024 0.002

16807 -6.7995e-06 0.0017 0.0163 0.0021 -0.001 0.002

32768 0.0019 0.0017 0.0141 0.0021 0.0042 0.002

59049 0.0015 0.0023 0.0144 0.002 -0.0012 0.002

100000 0.0005 0.0017 0.0116 0.002 -0.0014 0.002

M=5
n ηn η̃n ήn

64 -0.0003 0.0023 0.0427 0.0022 0.0221 0.0021

729 0.0009 0.0022 0.0388 0.0021 0.0091 0.0021

4096 -9.2547e-05 0.0022 0.0313 0.0021 0.0062 0.0021

15625 0.0038 0.0023 0.0253 0.0021 0.0057 0.0021

46656 0.0007 0.0023 0.026 0.0021 0.0053 0.0022

To estimate the actual rate of convergence η̄ we have used the logarithmic regression η̄ =
βnα(to be able to do so, we have treated non-positive values as outliers, i.e. we did not include
them into the regression5). The results are shown in the following table - symbol sα denotes
standard error of the regressor α.

5Of course, the problem of negative values can be solved by improving accuracy. However, the computation
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M discr. MC QMC
α sα α sα α sα

1 -7.56 0.44 -2.79 0.17 -3.02 0.99
2 -7.29 0.62 -2.1 0.45 -7.17 1.43
3 -7.25 0.95 -3 0.13 -4.22 0.68
4 -6.75 0.68 -3.04 0.09 -3.91 0.49
5 -7.11 3.85 -2.76 0.12 -3.1 0.33

The estimated rate of convergence of each method is O(nα).
The results are indicating that the rates of convergence, predicted by Theorem 3.2. by

Theorem 3.5. and by Theorem 3.6., are much outperformed by our test problem: it is probably
thanks to a “smooth” structure of the problem. The most remarkable is the fact that the
convergence rates seem to be independent on the number of stages M .

took more than. 10 hours and to improve the accuracy by one digit we would have to enlarge the sample 100
times...
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Chapter 4

Conclusion

The main goal of the present work was to study and compare various techniques of the stochastic
programming problem’s approximation, namely the discretization, the Monte Carlo and the
Quasi Monte Carlo (in sense of subsection 1.2.3).

We have formulated the upper bounds of the discretization and the Monte Carlo approx-
imation error (measured by the optimality gap) for both the one-stage and the multistage
programming. However, both they are probably very conservative so that they could not be
used for the comparison.

Then we have studied the convergence rate of the approximation error at one-stage stochastic
programming. As to the discretization error, we have proved that if the value function is
uniformly Lipschitz in the random argument then the approximation error is O(n1/k(−1+1/a))
where n is the number of atoms, k is the dimension of the random argument of the objective
function and −a is the convergence rate of the marginal distributions’ tails. Further, we have
shown that the Monte Carlo approximation error is O(n−1/2) under the assumption that the
objective function is L2-Lipschitz in the decision variable and that the feasibility set is compact.
Finally, we have concluded that the Quasi Monte Carlo error is o

(
n−1/2−(1−b)/k+δ

)
for each δ > 0

where b is a constant dependent on the distribution. The sufficient conditions for this result
were that the value function is both uniformly Lipschitz both in the random argument and the
decision variable and that the feasibility set is compact. It is obvious that the QMC is no worse
then the Monte Carlo and that the Monte Carlo is better then the discretization when k > 2
(the case k ≤ 2 depends on the constant a). However, the result of the QMC has stronger
assumptions then that of the Monte Carlo and the assumptions of the Monte Carlo assertion
are different from those of the “discretization” assertion. Moreover, it is very important to
stress here that we are comparing upper bounds of the errors, not the errors themselves. The
opinion of the author is that the bound of the discretization error is much more conservative
then those of the MC and of the QMC.

In the case of multistage problems, we found that the discretization error is O
(
n1/k(−1+1/a

)

provided that all the functions defining the problem are uniformly Lipschitz in the chance
parameter (a has a meaning similar to the preceding paragraph, k is the total number of the

random parameter’s dimension). Further, we have found that the MC error is oP

(
n−

1
2M

+δ
)

given that the functions defining the problem are uniformly Lipschitz in decision variable, that
their difference with their conditional expectations are bounded and that the union of the
feasibility sets of all the (sub)problems in compact (M denotes the number of the stages of the
problem, δ > 0 is an arbitrarily small constant). Further, we have constructed an example of an
M -stage MSSPP with the functions defining the problem being uniformly Lipschitz both in the
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“chance” parameter and in the decision variable and with the expected Monte Carlo optimality
gap being O(n−1/M). Hence, if the chance parameter is one-dimensional and bounded at each
stage, then the convergence rate, guaranteed under the given assumptions, is no worse for
the discretization then for the Monte Carlo. The case of unbounded and/or more-dimensional
random parameter depends on the constants M , k and a. Again we have to say, however, that
our results ar only the “worst” bounds and that the actual results may be better. Finally, we
have estimated the convergence rate of the Quasi Monte Carlo optimality gap. If the functions
defining the problem are uniformly Lipschitz both in the “chance” parameter and in the decision
variable and their difference with their conditional expectation is bounded, if the union of the
feasibility sets is compact subset of an Euclidean space and if the random parameter at each
stage is a κ-dimensional real vector, then the QMC optimality gap is oP (n−(2−2a+κ)/(2Mκ)+δ)
where a has a similar meaning as in one-stage case. Therefore, the QMC is no worse that MC
under the given assumptions.

Hence, the comparison has no definite winner. However, if the author should solve a one
stage SPP then he would choose the QMC or, if the strong assumptions of the QMC result
were not fulfilled, he would use the discretization.

In addition to the results mentioned above, some other ones were achieved in the present
work:

• a lower bound of the Wasserstein distance of an absolutely continuous distribution and a
discrete distribution (Theorem 1.2.),

• a probabilistic upper bound of the MC estimate of the integral (Theorem 1.5.),

• the definition of the optimality gap for multistage problems (subsections 3.2.1 and 3.2.2),
its decomposition (Lemma 3.1., Lemma 3.2., Lemma 3.3.) and its upper bounds (Theorem
3.1., Theorem 3.4.).
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Appendix A

Some Quoted Results

In the Appendix, some results, used in the present work, are cited.

Theorem A.1. ( [3], Lemma 3.1.) Let Y be such random variable that E exp{θY } exists and
is finite for 0 ≤ θ ≤ θ0 where θ0 > 0. Then

P [Y ≥ y] ≤ E exp{θY } × exp{−θy}

for each 0 ≤ θ ≤ θ0.

Theorem A.2. (Continuous Mapping Theorem, [37], p.175) Let T be continuous map from
(X ,B(X )) to (Y ,B(Y)) where X and Y are metric spaces and B denotes Borel sets. If P ,
P1,P2,. . . are probability measures defined on (X ,B(X )) such that Pn → P in distribution
then T (Pn) → T (P) in distribution.

Theorem A.3. (Central Limit Theorem for C(X ), [28], Appdix, Prop. A5). Let (Ω,F ,P) be
a probability space and let g be a measurable mapping from Ω into C(K) where K is a compact
subset of Rm. Suppose that g satisfies the L2-Lipschitz condition on K, i.e. there exists a in
L2(Ω,P) such that

|g(x1)− g(x2)| ≤ a‖x1 − x2‖2

for all x1, x2 ∈ K. Suppose also that E|g(x)|2 < ∞ for some x ∈ K. Let gn, n = 1, 2, . . ., be
independent, identically distributed observations of g. Then there exists a Gaussian random
variable Ξ taking values in C(K) such that

√
N

[
1

N

N∑

i=1

gn − Eg

]
D−→ Ξ

and where for all x ∈ K,
Ξ(x) ∼ N(0, cov(g(x))).

Theorem A.4. ([44], “Bennet’s Inequality 3.”, pp. 951-2,1 and Proposition 1., p. 441) Let
X1, X2, . . . , Xn be independent random variables with Xi ≤ b, EXi = 0 and var Xi = σ2

i , for
i = 1, 2, . . . , n. Let σ2 = (σ2

1 + . . . + σ2
n)/n and X̄ = (X1 + . . . + Xn)/n. Then for all λ ≥ 0

P
[√

nX̄ ≥ λ
]
≤ exp

{
− λ2

2σ2
ψ

(
λb

σ2
√

n

)}

1There is a misprint in the assertion. The correct version follows from the proof.
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where
ψ(x) = (2/x2)[(1 + x) log(1 + x)− x].

The function ψ has the following properties:

(a) ψ(x) in non-increasing for x ≥ −1,

(b) xψ(x) is non-decreasing for x ≥ −1,

(c) ψ(x) ≥ 1
1+x/3

for x ≥ −1.

86



Bibliography
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[10] J. Dupačová, J. Hurt, and J. Štěpán. Stochastic Modelling in Economics and Finance.
Kluwer, Dodrecht, 2002.
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[21] V. Kaňková. Approximative solution of problems of two-stage stochastic nonlinear pro-
gramming (in czech). Ekonomicko-matematický obzor, 16:64–76, 1980.
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[23] V. Kaňková. A note on extimates in stochastic programming. Journal of Computational
and Applied Mathematic, 56:97–112, 1995.
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