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Introduction

Stochastic Programming

As reported by [4], the history of stochastic programming started at 1955 when the first the-
oretical paper by G. B. Dantzig was published. In the next decade, stochastic programming
found its most popular application - the portfolio selection problem - for which its author H.
Markowitz got the Nobel price.

From then, stochastic programming went through a significant development - there are many
researchers being engaged in the discipline all around the world. An international conference
devoted to stochastic programming is held each three years. Several monographs on stochastic
programming were published (e.g. [2], [17] or [38]). The bibliography of stochastic programming
kept by M. H. van der Vlerk counts up to 4000 citations (see [47]). Some parts of the current
state of the art of the discipline may be found in [40].

During the last fifty years, stochastic programming found many successful applications
mostly in finance, but also in transportation, energetics, hydrology, military planning and
many other areas.

Stochastic Programming Problem

A rather general definition of the stochastic programming problem is

Eg(z,() (1)

inf

where X is a set, ¢ is a random element, h(e,e) and g(e,e) are some functions, a € [0, 1] is
some constant and E denotes the (mathematical) expectation. However, since it is difficult to
deal with the problems of type (1) and, anyway, the problems with probabilistic constraints are
not used much in practice, we will concentrate on the problems of the type

inf Eg(z,¢) (2)

where X does not depend on the probability measure, in the present work.*

A special (but frequently used) class of stochastic programming problems are multistage
programming problems. Here, the function ¢ is defined by another multistage stochastic mini-
mization problem (see formula (3.1) of the present work for the exact definition).

!Problems of type (1) may be converted to (2) using extended arithmetics.



Solution of Problems with Discrete Distribution

If the distribution of the random element in problem (2) is discrete with finite number of atoms
then the expectation in (2) has the form of a finite sum, hence the solution may be found using
methods of (deterministic) optimization.

However, if (2) is a multistage problem (with a discrete distribution at the first-stage problem
as well as at all its nested problems) then we would need to solve many (typically nonlinear)
problems to get the values of g. Therefore, the multistage problems with a discrete distribution
are usually transformed to the non-recursive form? before they are solved (the reformulation
usually leads to nonlinear optimization problems with a very large number of constraints).

If (2) is a linear multistage programming problem (see [8] for the definition), then its solution
leads to a large (deterministic) linear programming problem. Hence, it may be solved using the
simplex algorithm, by means of an interior point method or, most preferably, using one of the
algorithms exploiting the special structure of the problem (the most popular are the methods
based on Benders decomposition).

For a survey concerning the solution of multistage stochastic programming problems with
a discrete distribution, see [10], chp. II.8. and references therein.

Solution of “Unsolvable” Problems

In many cases, however, the stochastic programming problems may not be solved using the
methods mentioned above - it usually happens when the distribution of ¢ in (2) is either con-
tinuous (then we are typically unable to evaluate the expectation) or discrete with a large
number of atoms (then the solution of the problem exceeds the capacity of the present com-
puters). In both situations, the problem has to be solved approximately.

Two approaches to the solution of these problems have appeared: the methods based on
an approximation of the gradient (see [13], for instance) and the approach consisting in an
approximation of the original distribution by a simpler one. The present work deals with the
second approach. Particularly, three different methods of the original distribution approxima-
tion are examined and compared. Two of them have been widely discussed in the literature:
the replacement of the original distribution by a discrete one (we call it discretization) and
the replacement of the expectation Eg(z,() by n= !> g(x, () where (i, (o, ..., ( is a ran-
dom sample from £(¢) either generated by a random number generator (Monte Carlo sample)
or observed from the past (empirical estimate). The third method discussed in our work - a
combination the discretization and the Monte Carlo sampling - seems to be a new method of
stochastic programming approximation.

Discretization

The accuracy of the discretization of the stochastic programming problem (applied to the two-
stage linear programming problem) was first studied by Kall (in [15]). His results were further
generalized by Kankova in [21] (the work deals with two stage non-linear programming) and in
[25] (the results are extended to the multistage stochastic programming problem with Markov
interstage dependence). To improve the accuracy of the approximation, Kall, Ruszczynski and
Frauendorfer designed a sequential approximating method (see [16]). In order to get the optimal

2See [8] for the discussion on the multistage programming problem re-formulations.



discretization, Pflug (in [36]) suggests to approximate the original distribution by the discrete
one minimizing the Wasserstein distance to the original distribution. To make problems with
huge discrete distribution solvable, Dupacové, Gréve and Romisch (in [9]) introduce a technique
of optimal reduction of large scenarios (i.e. discrete distributions with a special structure, see
definition 1.2. of the present work) to smaller one.

Monte Carlo (Empirical estimating)

The idea of empirical estimation of stochastic programming problems appeared independently
at [48] of Wets and [19] of Kankova. The subsequent work [20] of Kankova gives a probabilis-
tic upper bound of the approximation error (this result is further generalized by Kaniovski,
King and Wets in [18]). Kankova further extends her results to the case of time dependent
samples (in [22]) and to the case of multistage stochastic programming problems with Markov
dependence of data (in [26]). Dupacovd and Wets (in [12]) obtain the asymptotic normality of
stochastic programming problem’s empirical estimates. The convergence of the Monte Carlo
approximation of multistage problems is studied by Shapiro (in [43]).

Another approach

A new approach consisting in using of the deterministic quasi-random sequences to approximate
the distribution of the original problem has been introduced by Pennanen and Koivu (see [35]).

Remark

More details on the current state of the art and further citations may be found in the text of
the present work.

The Present Work

Chapter 1 of the present work summarizes and extends results concerning the approximate com-
putation of expectations. Chapter 2 is devoted to one stage stochastic programming. Chapter
3 is studying multistage stochastic programming problems. Chapter 4 contains the conclusion.
In the Appendix, some results, cited in the present work, are listed.



Notation

Definition.

e The symbol := stands for the words “is defined by”.

Special sets.

e Under R we shall understand the set of the real numbers. By R* we shall mean Euclidean
space of dimension k (i.e. cartesian product of k spaces R).

e N={1,2,...} (the set of the natural numbers).

e The symbol C(&X') denotes the linear space of the continuous functions on X equipped by
the sup norm.

Sums.

e We use the convention that >9_, a; = 0

Vectors and matrices.

e Typeface of vector symbols will be small bold (a, b, 3 for instance), symbols for matrices
will be capital bold (A, V).

e The i-th component of the vector a is denoted by a’

e The notation [a; ;]i=1,.. m,j=1,. » means the matrix with a; ; in the ¢-th row and in the j-th
column.

e The transposition of vectors and matrices is denoted by the symbol ’,
by [C.
Intervals and special functions.

e (Bounded) closed intervals are denoted by brackets, e.g. [0, 1], open ones by parentheses,
e.g. (0,1).

e The indicator function of a set M - i. e. the function being equal to one on the set M
and to zero outside the set M - is denoted by Ij;.

e The cartesian product of the sets A;, ¢ =1,2,...,n, is denoted by []" ; A; or A; x A X
o XA,



Limits.
e The notation a, — a— means that the sequence {a, }>2; converges to a from the left.
e Similarly, a, — a+ means the convergence from the right.

e The notation a, — a denotes the convergence.

Sections and restrictions.

e Writing bullet (e) instead of an argument of a function means that we are speaking of
the section of a function with “bulleted” arguments varying.

e If h: A— Band S C A then h|g denotes the restriction of the mapping h to the set S.
Norms and Lipschitz functions.
e Notation || [|,, where p € {1,2,...}, means [, norm in Euclidean space (ie. ||, =
Joh i)

e We say that the function f : S — R, S C R" is l,-Lipschitz with constant K > 0 or
shortly [,-K -Lipschitz it |f(z) — f(y)| < K||x — y||, for each z,y € S.

Optimization.
e By argmin, .y f(y) we denote the set {z € Y : f(z) = minyey f(y)}

Rounding.

e The symbol |x] denotes the floor of number z, i. e. the greatest integer less or equal to
x.

e The symbol [z] stands for ceil of z, i. e. the smallest integer greater or equal then z.
Probability theory
e The words probability distribution are sometimes replaced by the abbreviation p.d.

e The distribution function of a random variable X defined as F(z) := P(x < X) shall be
mentioned as d.f. of X.

e The word density always means density with respect to the Lesbegue measure.

e By {z;,p;}; we mean the discrete probability distribution with the atoms x; and the
corresponding probabilities p;. We allow the atoms of the distribution to coincide.

e If I is a one dimensional distribution function, then F~! denotes its quantile (defined by
the formula F~!(y) = inf{e € R: F(e) > y}).

e The convergence in distribution is denoted by 2,
e We denote the normal distribution with the mean u and the variance o by N(u,0?).

e The words independent identically distributed are abbreviated as i.1.d.



e The symbol £(X) means the distribution of the random element X.
e Notion o(X) means the o-algebra generated by random element X.

e The formula P ® () denotes the product measure of the measures P and (). The formula
A ® B denotes the product o-algebra of the o-algebras A and B.

e By writing X <Y for some random variables X and Y we mean that X (w) < Y (w) for
each elementary event w.

Conditional probabilities

e Let X, Y be random vectors with a joint distribution P. By the words conditional
distribution of X given Y (denoted by L£(X|Y)) we mean a regular version of the ran-
dom measure defined by the conditional probability P(e|o(Y)) (see [45], p. 331 for the
definition of conditional probability and p. 338 for the definition of random measure).

o If X1, X5, ..., X,, are random elements then, for readability, we sometimes write X; in-
stead of Xy, Xy, ..., X,,. Further, if P(e) is the marginal distribution of X; and if
Pi(e| X1, Xs,...,X;_1) is the conditional distribution of X; given the vector (X7, X, ...,
Xi 1), 1 =2,3,...,m, we sometimes take P (e|X;) := Pi(e) and E(X,|X,) := E(X)).
Moreover, if Fi(o|)_(i_1) denotes a conditional distribution function of X; given X;_; and
F is the “unconditional” distribution function of X, we take F(e|X) := Fi(e).

Integrals and expectations.

e Instead of the lengthy notation

[ 9(X@)dPw),
where ) is the probability space, we shall write simply Ep(.,)g(X(w)) or Epg.
e Similarly, Fpg(z) shall be used instead of [, g(z,w)dP(w).

e The variance Ep(X — EX)? shall be denoted simply by varp X, the symbol covp(X,Y)
shall stand for the covariance.

e If there is no possible confusion then the symbol specifying the probability measure at F,
var or cov shall be omitted.

Rate of convergence.
e We write f(e) = O(g(z)) as x — s if limsup,_, |f(x)/g(x)| < oo.
o We write f(x) = o(g(x)) as x — s if limsup,_, |f(z)/g(x)| = 0.
Convergence rate of random variables.

e Let X, be a sequence of random variables. We write X,, = Op(n®) if for each € > 0 there
exists a constant M, such that limsup,,_, . P[|X,| > n*M,] <e.

e We write X,, = op(n®) as n — oo if lim,, .o, P[|X,| > n®M] = 0 for each M > 0.



Chapter 1

Approximate Computation of
Expectation

1.1 Introduction

Consider the expression
Epg = | g(@)dP()
Rk

where ¢ : R¥ — R is [;-K-Lipschitz! function, P is a probability distribution defined on Borel o-
algebra of R* and k is some positive integer. Moreover, assume that the marginal distributions
of P have finite first absolute moments.

Since it follows from the Lipschitz property that

k
9(0) — K> |x'| < g(x) < g(0) + K ) ||
i i=1
it also holds that

k k
9(0) = K> Ep@i|e'| < Epayg(x) < g(0) + K> Ep, @i

i=1 i=1

(P; denote the marginal distributions) so that the expectation Epg exists and is finite under
our assumptions.

1.2 Methods of Approximation of Expectation

Three different approaches to the approximate computation of Epg are considered in the present
Chapter: discretization (i.e. the replacement of P by a suitable discrete distribution), Monte
Carlo estimation (i.e. the approximation of Epg by an average of i.i.d. realizations of g)
and Quasi Monte Carlo (i.e. the partition of P’s support into suitable regions, generating a
realization of the conditional distribution given each region and averaging the values).

I'We work with the I; norm for technical reasons. The one who wants to work with the other norms can use
the fact that all the norms are equivalent in finite dimensional space, see [29], paragraph A.1.7.



1.2.1 Discretization

By (simple) discretization we mean the estimation of Epg by FEng where II = {x;, p;},
is the probability distribution concentrated in atoms xi,xs,...,x, with the corresponding
probabilities pi, pa, ..., pn.

It should be mentioned that there exist more sophisticated methods of integral’s approxi-
mate computation then the simple discretization (e.g. various quadrature rules, see [5] for a
survey). However, these methods require the differentiability (of ¢g) which is often missing in
stochastic programming problems. Therefore, we do not deal with these methods in the present
work.

Concerning simple discretization itself, assertions similar to ones presented in our work exist
(see [5], chp. 5.). However, these results do not cover the situation of unbounded support of
P, common in many applications.

Denote

e(Il, g) = [Eng — Epy| (1.1)
the error risen by the discretization of P by II and
e(lly=" sup e(Il,g) (1.2)
g is l1-K-Lipschitz

its upper bound. For one-dimensional probability distributions P and II, it is easy to compute
e(IT) using either an analytical formula (if possible) or a suitable numerical method:

Lemma 1.1. (Pflug [36]) If k£ = 1 then

e(Il) = K - dy (P, 1) (1.3)
where

dw (P, 1I) = sup |Eng — Epg|

g is l1-1-Lipschitz

and it holds that

dyy (P, TI) = i/+ F(z) — imdz (1.4)

(F' denotes the distribution function of P, we suppose that x; < zo < ... < z,, and we take
Tg = —00, Tpy1 = 00 and 29:1]73‘ =0).

Proof. The formula (1.3) is straightforward.

Ad (1.4): According to [46], it holds that

dyw (P,T1) = / |F(z) — G()|de

where G is distribution function of II. When we note that G
O

(zixit1] — Zé‘:l b; we get (14)

Remark 1.1. The quantity dy (P, 1II) is called Wasserstein distance of measures P and II (see
[36], Definition 1, and [39], chapter 5.3., for details).

It could be difficult to compute e(IT) for k£ > 1. However, it is easy if IT belongs to a special
class of discretizations:

10



Definition 1.1. Let n = my-ms-...-my for some positive integers mq, mao, . .., my. Distribution
Il = {x;,p;}, is grid discretization of P with dimensions my, ma, ..., my if there exist

—0=co<T11 <1 <Xy <

S Ty < Cipy = 00,

—00 =Co0 < W21 S o1 S oo <Ll ST, < Coppy = 00,

—00 = Cpo < Tp1 Sl S Tpk S on S Ty, < Chymy, = 00

fulfilling the following conditions: For each i < ¢ < n there exist 1 < j; < my,1 < jy <
ma, ..., 1 < jr < my such that

Li = (:cul, L2,jay - - - 7xk7jk)
and
Di = P(Mjlvj%---vjk)’
where
My oo = [C1j1-15C1jy ) X [Cop—15Cagy) X oo X [Chji—1, Chijy)

(we take P({—o0}) = 0).
Remark 1.2. (i) Denote P; the i-th marginal distribution of P. If II is grid discretization of
P with dimensions mq, ms, ..., my then

IL; = {z:, Pi([cij-1, Cu))};n:l

is the ¢-th marginal distribution of II for each 1 <17 < k.
(ii) II; is grid discretization of P; with dimension m; for each 1 <i < k.
(iii) Conversely, if

IL; = {2, Pi(leij-1, ¢i5)) Hioy

is grid discretization of P; for each i =1,2,...,k then

II= {(J;l’jl L2505 - ’xk’jk>’ P(Mjl’jQ"“’jk)}j1:1,27---7m1,j2:172,---,m27~-~7jk:1727---7mk
is grid discretization of P with dimensions my,ms, ..., my (with probabilities defined by ¢; ;,
1 <j<m;—1,1<1i<k)such that II;,Il,, ..., I} are its marginal distributions.
Lemma 1.2. Let II be a grid discretization of P with dimensions mq,mo,...,m;. Then it
holds that

e(Il) = zk:K - dw (I1;, B5)

i=1
where P; and II;, 2 = 1,2, ...,k are marginal distributions of P, II respectively.
Proof. For each [;-K-Lipschitz function ¢ it holds that

mi1,m2,...,Mk

‘EPg - EH9| = X gdP - Z g($1,j17$2,j2; SR 7$k:jk>pj17j2w-,jk
R j1=1j2=1,,j=1

mi1,m2,...,mMg

- La

J1,J25Jk=1

gdP — g(Ile,IL’Q’jQ, R ,xk,jk) / dP]

313230k J15J25e+» Jk

11



mi1,m2,...,Mk

- | Z / [g(€17£27"'7§k>
J1:J25Jk=1 Mjy o,y
_g(xl’j“IZjQ’ e 7mk’jk)]dp(£17 527 s 7£k)|
mi1,M2,...,Mk

k
> / K |6 — @i |dP (&1, &, &)
k =1

J1,J25-Jk=1 J15925050
L T
= K

IN

m17m27~-7mk/
J15J25--Jk=1 J153250000]

K Z / & — i,

M

dP(fl;fQ, s 7§k)]

’5@ — Li4;
k

@
Il
—

I

dP (&1, &, - . ,fk)]

i=1 Ji=1 Ujl,...,ji,l,jl-+1 ,,,,, G 210250k
E [ oma
- Z K / |§z‘—xi,j|dp(f1>§2,--~,§k)]
i—1 ) R X...XR X[¢j,j—1,¢i,5) XR X...XR
. L
= Y Kd (1.5)

N
|
—_

where

dFi(§),

di:jmzi/

1/ leij—1.¢i5

F; is the d.f. of P, (we have used the triangular inequality and the Lipschitz property at the
7<), If we put

) |§ — Ty

k
g = KZE/Z-, G:R—R, G =1|{—xij|+a, foreach&e e, 1,cijl
i=1

where the constants a; ; are chosen so that g; is continuous, then we get “=" instead of “<” in
(1.5). Therefore and since g is l;-K-Lipschitz we have

k
sup |Eph — Enh| = |Epg— Eng| =>_ Kd;. (1.6)
i=1

h is l1-K-Lipschitz

Moreover, it holds that

dw (P11 Y sup  |Enh — Buh

h is l1-1-Lipschitz

(1.6) with & = 1 di (17)

for each ¢ = 1,2,... k. By the combination of (1.6) and (1.7) we get the assertion of the
Lemma.

O
The following Theorem estimates how close to P we may get with m*-atom grid distribution.
Theorem 1.1. Let m be a positive integer. Denote Fi, Fs, ..., F} the marginal distribution
functions of P and assume that F} is continuous for each i = 1,2,...,k. Let II a be grid
discretization of P with dimensions m,m, ..., m defined by

i = F! (2‘727;1) i=1,2,...k j=1,2....m, (1.8)
and

12



cij = F (]) i=1,2,...k j=1,2....m—1 (1.9)

m
Denote
Fi_l(ﬁ) _ )
t;(m) = /_ Fi(x)dx, t;(m) :/71 L 11— F(x)de, i=1,2,...,k
© F, (1 2'm)
Then it holds that
M) <e - Ki[t( )+ ! (F—1<1 1) F—1< 1)>+t( )] (1.10)
e € €,k = (m — | F} —— ) = F — J(m .
> Gk, mk pat L om, i m 7 om

Remark 1.3. t;(m) and ¢;(m) exist and are finite for each i = 1,2,...,k, m € N.
Proof of the Remark 1.3. The proof is well known: Using the integration by parts, we get

0 0
[ F@de = pR@)° - [ wdF().
The finiteness of the second term follows from the finiteness of the P;’s first moment. As to the
first term, it holds that

T T

0 < [zFy(x))’ = — lim zFj(z) = — lim zdFi(y) < — lim ydF(y) =0
due to the finiteness of the first moment. Hence, t,(m) has to be finite. The proof for ¢;(m) is

similar.
O

Proof of the Theorem 1.1. It holds that F;(F; ' (a)) < « (if F;(F; () > « then, thanks to
the continuity of F; from the left, there would exist x < F'(«a) such that F(x) > a which would
contradict the definition of F;'). Moreover, we have that F;(F, *(a)+) > a (the definition of

quantile implies that for each # > F; '(a) it holds that Fj(x) > a so that for each sequence
r, > F!(a) it should hold lim, Fj(z,) > «). Using it and the continuity of F; we get that

F(F '(a) = a (L11)

for each v € (0,1),7=1,2,...,k.
Therefore, being 1 < ¢ <k and 1 < j <m — 1 it holds that, for each £ € [z; ;,¢; ],
(111) J _2j—1_ 1

Ficij) = Fi(§) < Fi(eig) = Filwiy) =" 0 = =5 = =5

and, for each & € [¢;;, %5 j41],

(1.11) 2j+1_i 1

Fi(&) = Fi(cij) < Fi(zij) — Fi(eiy)

om m_ 2m

Thus, |F;(§) — Fi(cij)| < ﬁ for each & € [z, %ij41), 1 =1,2,...,k, j=1,2,...,m —1 and it
holds that

1

T 41
/m - F(E) = Fileiglde < (wijn = wig)5 (1.12)

13



Using it we get

m—l exi J
dw(MP) 2w+ 3 [T RE© = YR — Flew-))ld + Gim)
j=1 v %id v=1
m—1 T i1
= tm+ Y [T IRE — Fley)lds +Tim)
(1.12) J1 _
S 7Z(m) —f- %(l’i,m—l — JZZ‘J) —f- tz(m) (113)

fori =1,2,...,k (II; and P; denote marginal distribution of II, P respectively) so that

_ k _ 113) K 1 -
o) "2 RS (T, P) S KOS [tm) 5 (ris — ) + Fiom)|
i=1 =1
O
The following assertion states a lower bound of the discretization error.

Theorem 1.2. Let n = m* for some integer m > 1. Assume that p.d. P has a density f.
Then it holds, for each n-atom p.d. II, that

e(Il) > e, >0 (1.14)
where
Ep = SUPEy 55
6>0
1 1 1 ( 2k— 1+1k+1 ook e
_ e ¥ ]
Eng = RO Mmax <4m 4m2k*—k+17 o (k + 1)2m2k*+k Z Mis™ k!
and

M, =p{y €R": f(y) > 2}
(1 denotes Lesbegue measure).
Before we prove the Theorem, we state two Lemma’s.

Lemma 1.3. Let A C R* be a Borel set. Then it holds, for each nonnegative measurable
function A and z > 0, that

1 o
; Z )21} (). (1.15)
and = .
/ ha)de > =S p (A " {y  h(y) > ]}) . (1.16)
A z i z
Proof. It holds that
h(x)z o 1
h(x) > h(x) where h(x)= L (z) J = Zzl{y h(y)z>j} (&) = ;Z]{yh(y)>J}(m>
J=1 J=1

14



which proves (1.15). By integrating h over A we get (1.16).
O

Lemma 1.4. Let z be a k-dimensional vector and let v > 0 be a constant. It holds that

X 2k
{y €R": [ly — =l <U}:T-
where 1 denotes the Lesbegue measure.
Proof. It suffices to take z = (0,0,...,0)" (the translation preserves Lesbegue measure). We

prove the assertion by induction.

If k£ =1 then the assertion is trivial.

Denote vy, : ¥1,(v) = u{y € R* : |ly|i < v}, k= 1,2,... and assume that ¢;,_;(w) =
for each w > 0. Then it holds that

V) = durdu_; .. .d :/ dyrdyr_; .. .d
vilo) /{251 |yi|§v} Il . {|yk\§v/\2f;1l \yilﬁv—h/k\} YRk .

- dys_1 ...dy, | d
s (/{zf‘f%mw} e yl) e

= / ¢klv—\yk\dyk—2/ Vr_1(v—yr)dyp = 2/ Y1 (u)du. (1.17)

ok—1,,k—1
—1)!

By evaluating (1.17) we get the assertion of the Lemma.
O

Proof of Theorem 1.2. Ad. ¢, > 0. We show, by contradiction, the existence of such § > 0
that e, s > 0: If e, 5 = 0 for each § > 0 then necessarily M; = 0 for each 6 > 0. If Ms = 0 for
each 6 > 0 then, for each measurable set A with finite Lesbegue measure, it would hold that

PL) = Wiy + [ Sy

/ Iy + [ f(y)dy
{y:f(y)=6} A{y:f(y)<é}

fly)dy < op(A)

f
/Aﬂ{y:f(y)zd}

IN

w{Y:f(y)=6}=0

/Am{y:f(y)<6}

for each 6 > 0, hence P(A) < lims_odu(A) = 0. Since R* can be covered by a countable system
of sets with finite Lesbegue measure it would hold that P(R*) = 0 which is contradiction.

Ad. e(Il) > e,. Let IT = {x;, p;}!, be an n-atom probability distribution and let 6 > 0 be a
real constant.

Consider the function g : §(x) = K min;_y5__, ||& —x;||1. It is obvious that § is [;-K-Lipschitz
and it follows from (1.2), from basic properties of Lesbegue integral and from Lemma 1.3. that

gdp—/ gdn’:

(1.15)
> 51 , de =6 z)dz. 1.18
> /Rk (Z (y: )z} (T > T Z/ x (1.18)

L3P =0 = [ j(@)f(@)d

{y:5( y)>u§}

Using Lemma 1.4. and the definition of g we get that

15



N}

ply R g(y) <p} = u(n{yGR K|\y—wj||1<p})

b Ky — 2]l < p})

AN
1=
=
N
—~—
<
m
=

k k
Lemma 1.4. 2 p

for each p > 0 so that

p{y: fly) >0} N{y : g(y) > p}) > max(0,p({y: fly) > i0}) — u({y : §(y) < p}))

kak
2 max (0, Mi5 - n}_(kk:') (119)
for each p >0 and i = 1,2,.... (We have used the fact that u(ANB) = u(AN B) + pu(—B) —
p(-B) = u((AN B)U~B) ~ p(~B) > p((AN B)U (AN ~B)) ~ p(~B) = u(4)  p(~B).)
By putting A = {y : f(y) > i}, h=g and z = 72— in (1.16) and using (1.19) we get

N KA/ M;sk! & , . Kk
d — o : >0} N4y : > g YT
/{y:f(y)>i5}g(w) T 2 jZl/w({y fly) >0} n{y : g(y) = j— 1)
oo K YR\ F
L EVALRE 2 ()
KV Misk! & Miéjk
= o Zmax (0 M;s — m2’“2
K Mz’f;“k' o0 jk
= —o—— Zmax <0 1— 2k2 )
m2k—1 .
KM
N 2m2k : 2k —k
7j=1
1 1 m2k:—1
_ k+1 -k
- K ! (Zm T Zl ] ) (1.20)
]:

Let us estimate the sum two different ways (each being suitable for a different m and k). Since
Y jF < M(1+M¥)/2 for each M € N (we have estimated the convex function j* by a linear
function) we have

m2k—1 2kl
Z ] < (1+ mk(%_l))
so that
1 |, 1 1 m2l .
R ‘ R (2k—1)
2m  2m?2k*+k ]z_:l - 2m  2m?2k+k 9 (1 tm )
1 1 1 1 1

Y
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Further, since

M " M+1 e jk+1 M+1_ (M+1)k+1_1
>t < jidj = =
1 k+1], k+1

mQkaljk _ (ka—l + 1)k:+1 -1
=T k+1
so that
1 1m§1jk S SN U ) (it (1.22)
2m 2mIE = o2m (k + 1)2m?2k*+k
Hence
(1.18) o0 (1.20) & m
e =2 62/{y:f(y)2i6} oyt = 6ZKW ( 2m 2m2k2 o Z j )
1.21),(1.22 2 —
( )Z( ) ZK\/WHMX ( - Tn2k12k+1’21n - (k+$21n>12k2+k 1) :
O

Rate of Convergence

It is known (see [5], Theorem on p. 267) that if A : R* — R is a function with finite variation
and H C R* is a bounded set then the error of approximation of [ h(x)dx by + 37, h(x;),
where @, Xy, ..., x, are suitably chosen points, is O(n~'/*). The present work generalizes this
result.

Theorem 1.3. Denote F;, i = 1,2,... k, the marginal distribution functions of P. If there
exists @ > 1 such that Fi(z) = O(|z|™®) as ¢ — —oo and 1 — Fj(z) = O(|z|™*) as * — o0
for each i = 1,2,...,k then a sequence {II"}32, of at most n-atom distributions II" can be

constructed such that )
e(Il") = O (n%(’lﬂ/“)) as n — oo.

Before we prove the Theorem, we state a useful result.

Lemma 1.5. Let S be distribution of one-dimensional real random variable defined by a
distribution function H, let C' > 0 be some constant and let m > 2 be some positive integer.
Then there exists grid discretization I' of S with at most m atoms such that

W(r,S)g/__:H( d5+—+/ - H (1.23)

Proof. Define



and

) 0 £<-C
H(&):{H(@H(C) -C<¢<C
H(C) - H(-C) €>C.

By a simple calculation we get that H— + H + Ht = H.
Further, define

G (&) = H(-C)(—c)(§), §ER,
G+(§) = [1 - H(C)]I(C,oo)(§>7 5 €ER

and
G(¢) = HH (D) _cx ) + Z H(H (D) g1 51y .10y ()
+]:-’(C)I( *1((m—2)D),oo)(§)7 56 R
where D = “I(y) = inf{e € R : H(e) > y}. It is possible to show that H(H'(d)) <

d and that H(H '(d)+) > d for each d € (0, H(C)] (see the proof of Theorem 1.1.). Using it,
we can estimate: If £ € (—C, H~!(D)] then

G(&) — H(©)| [H(HN(D)) — H(¢)| = H(H (D)) — H(&)

< H(ED) <D, (1.24)
If ¢ € (H (i —1)D),H'(iD)], 2 < i < m — 2, then

= H (D)) ~ A(©) = H(HGD)
< (D) — A (i~ 1)D)+)

IN ~—
b

—(i—1)D=D. (1.25)

G —HEl = [|H(C)—H(©|=H(C)—H()
< H(C)—-H(H '((m—2)D)+)
WP (C) — HAH(C))+) < H(C) — H(C) =0, (1.26)
Moreover, it follows from the definitions of G and H that
IG(§) — H(§)]=10—-0]=0 (1.27)

for £ € (—o0, —C| U (C, 00). When we summarize (1.24), (1.25), (1.26) and (1.27) we get

G —H(©|<D- L _c.i-1((m—2)p) (§)

and, using the fact that H~'((m — 2)D) = H-'(H(C)) < C,

G(&) = HOI < D I-c.c1(6). (1.28)
Define G := G~ + G + G*. Since lime_._oo G(§) = 0, limg_.o G(g) 1 and G has at most
m jumps (at xy := —C,xy := H Y(D),z3 := H'(2D),...,xp_1 :== H'((m — 2)D).z,, := C,
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some of the values may coincide), G is distribution function of an at most m-atom discrete
probability distribution I'. Using [46], triangular inequality, formula (1.28) and the definitions
of H-,H",G~ and G, we gradually obtain

dw (T, S)

[ 16 — H()ldg

J1G7(©) = (@)l + [1G(&) — A©ldg + [16*(€) — H*(©)ldg
< 16 ©-H @l + [ID- Ieca(@lds+ [16*(€) - H*(©)ldg
/ j H(§)dg +20D + [ "1 - H(g)]d

IA

[ e 20 C L e

—0o0

H(C)<1 ch p 20 o0 L HE
< —_— — .
< [ HEd 5+ [T1- HEl
It remains to prove that the distribution I' is grid discretization, i.e. that there exist ¢;,
i=1,2,...,m—1,such that 1 < ¢ <29 < ¢y <23 < ... < ¢y < xyy and Ty} =
H(Cl) - H(Cifl), ie.

for each i = 1,2,...,m (we take ;11 = 00, G(zpmi1) = 1, ¢cg = —00, H(cy) =0, ¢, = 00 and
H(cy) =1). Clearly, (1.29) holds if

G(Iz’+1) = H(Ci)

for eachi = 0,1,2,...,m—1. Butifweput ¢, = H1(D),co = H'(2D), ..., cpo = H ((m—
2)D) and ¢,,—; = C' we see that
G(ZL‘l) =0= H(Co),
G(zi41) = G(H'(iD)) = H(=C) + H(H™'(iD)) = H(H™'(iD)) = H(c;)

fort=1,2,...,m—2 and
G(zy) =G(C)=H(-C)+ H(C)=H(C) = H(¢m_1).

The three equalities above prove (1.29).
O

Proof of the Theorem 1.3. Denote F;, i = 1,2,...,k, the marginal distributions of P. By

using Lemma 1.5.we get that for each 1 < ¢ < k and m € N, there exists at most m-atom
discrete distribution II" such that

_ . —ml/a 2m1/a
(I P) S dnis dmi= [ Fi(€)d +

—00 m — 2

+ [ =Rl (130)

(we have put C' = m!'/* in Lemma 1.5.).
Since, according to the assumptions of the Theorem, F;(§) = O(|¢|7%) as & — —o0, i.e.

F(-=9) _,

lim sup
§—o0
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for some A < oo, it has to exist € > 0 and &, such that F;(—¢) < (A + €)¢~* for each & > &.
Therefore,
_ml/a
S0 Fi(§)d§

Jmisa Fi(=€)dE Jmi/a (A + €)E™dE

lim sup = limsup < lim sup
m—oo m—1+1/a m—o0 m—1+1/a T m—oo m~1+1/a
—a+1700
(A+e) {g—a—l-l} 1/ —Lrgmm e

_ . ml/e . —a+1

= lim = lim
m-—o00 m—l—‘,—l/a m-—o00 m—l—‘,—l/a
A+e

= < 00.
a—1

ie. [ F(€)d¢ = O(m~1Y9). Similarly we get that [*5.[1 — Fy(€)]d¢ = O(m~1+1/e),
Clearly

2m'/e 1+1
- —1+1/a
5 =0(m )
so that, due to (1.30),
sz,z’ _ O<m—1+1/a) + O<m—1+1/a> + O(m—1+1/a) _ O(m—l—i-l/a). (1'31)

Now we are able to construct the sequence of distributions whose existence is asserted by the

Theorem: Let n € N and denote II" the grid discretization defined by H}"l/kJ, 1=1,2,...,k
(see Remark 1.2., (iii)). Obviously, II" has at most n atoms. Moreover, it holds that

k (1.30) ko _ —1+1/a

e(Hn) Lcmm:a 1.2. ZK . dW(Hl‘nl/kJ’PZ) S szLnl/kLl (1§1) O (Ln%Jil‘Fl/aA) _ O (nlzl/) '
i=1 i=1

O

Corollary. Let P have marginal densities f;(z) = e=%®) 4 =1,2,..., k, such that for some

constants C' > 0, D > 0 and for each |z| > D, it holds that ¢;(x) > C|z|. Then there exists a

sequence of at most n-atom distributions II" such that

e(II") = o(n %) asn — oo (1.32)
for each arbitrarily small 6 > 0.
Proof. Since it holds that

. Fi(—m o [le @y o [TreCll gy o [T e%rdy
lim i 2) = lim —=——— < lim —>——— = lim —>——
m—0o0 m*ﬁ m—0o0 m*m m—0o0 m*ﬁ m—0o0 m*ﬁ
1 C’:c}im
=é —Cm
. [C _ ) 1/C)e
= lim —5—= = lim %:0,
m—00 m—w m—0o0 m—m

we have that F(m) = O(|m| %) as m — —oo. Similarly,

L L=F(m) L fa)ds

2 2
Mmoo m T RS M=o TR

0
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so that Fy(m) = O(m~ %) as m — co. Hence, it follows from the Theorem 1.3. that there exists
a sequence of at most n-atom distributions II,, such that

e(ll) = O <n'1€(_1+k25)> =0 (n_%%) =0 (n_%”) :

for each 0 < § < 1/k.
O

Remark 1.4. Note that densities of the type Ce™®) are of the type e=?® as well (¢(z) =
h(z) —InC).

Remark 1.5. If P has density then for each sequence II" of n-atom probability distributions
it holds that e(II") # o(n='/¥)

Proof of the Remark. Let II™ be a [n'/*]*-atom distribution coinciding with II,, (we can
construct it by adding atoms with zero probability). It holds that

n " (1.14) 1 1
e(ll") = e(Il") > C A[nt/¥] _4M1/k12k2—k+1

> C ! !
= A(nl/k + 1) - 4(n1/k)2k2—k+1
for some fixed C. Since
e —
. 4(nl/k+1) 4(n1/k)2k2 —k+1
2, no1/E =0
it cannot be e(II") = o(n~'/*).

O

1.2.2 Monte Carlo

Another way of evaluating Epg is Monte-Carlo estimate % >, 9(X;) where X, X, ..., X,
is an i.i.d. sample from P. The error of approximation then equals to

n

Monte Carlo is a well known and widely used method of approximate evaluation of expectations.
Its great advantage consists in the fact that one need not necessarily know the distribution P
- it suffices to have a sufficiently large sample drawn from the distribution.
Our work formulates some upper bounds of approximation errors quantile
en(a,g) :=inf{e € R: Plen(g) <e] > 1—a}.
in case that ¢ is [;-Lipschitz.
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Upper Estimate of ¢,(a, g) Based on Large Deviations

First we state an upper bound of €, (a, g) based on the theory of large deviations. Our estimate
can hardly be used when n is large (it does not tend to zero as n — o0), however, it may be
useful for a small n.

Theorem 1.4. Denote & the vector of medians of P’s marginal distributions and let the
probability measure P be such that

Ep exp{0 K| X 1|1} (1.33)
exists and is finite for 0 < 6 < 6y where 6y > 0. Then it holds, for each 0 < 8 < 6, that

en(a, g) < ép(a) (1.34)

where

tula) = KX B|IX' &
. 1 k i~ 1
oglglgfeo {0 In (E exp {HK Zi:l ‘X -z }) ~ In(a)| .

Proof. Let X be a random vector with the distribution P and g be ;- K-Lipschitz function.
Using the triangular inequality (¢.i.), Lipschitz property of g (L.p.), Theorem A.1.and the fact
that X;,i=1,2,...,k are i.i.d. we obtain

Eexp{0Y" [9(X:)—g(@)} < FEexp{0) K|Xi—&|}

< Eexp{0X) K(IXh + &)
= [exp{0K|&]1} x Eexp{0K | X|1}]"
42 (1.35)
and
Ple(g)l>a) = P, 0(X0) —nEg(X)| > na
< P32, 9(X0) = ng(@)| + Ing(®) — nBg(X)| > n]
= P30 9(Xi) —ng(&)| +n |E[g(®) — 9(X)]| > na]
< PY0 19(X0) = ng(&)| +nE|g(&) — g(X)| > na
= P30 19(X0) = ng(@)| = n(x — Elg(®) - 9(X)])]
Theorem%l‘,(l‘SE)) i :eXp {9 (ZZLI ’g(Xl) _ g(j)DH
| x exp{—bn|z — E|g(X) — g(x)|]}
B (exp {0[l9(X) — g(&)[]}) x exp{—0a}
x exp{0E|g(%) — g(X)|})"
ﬁpl {E exp {HK Zle ’le — & } x exp{—0z}

xexp{eKZflnyg —5:Z'|H (1.36)
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for all x € R. By putting x = €,(«, #) into (1.36) where

ta(0,0) = K" BIX i|+;ln<EeXp{9KZf:1’ X —

we get that

PlE(g) > eu(8)] S

Eep {0k Y] [ X -7}
x exp{—0e,(c,0)} x eXP{HKZf X - e
_ Eexp{eKZ
xexp{ 991H<EGXP{9KZk ‘Xz_jl}>}
Xexp{ 0—ln }
xexp{ OKY EIX' - ”\}

{

X exp HKZ E|X1 ”]H
= (1.37)

Using it we obtain

en(a,g9) = inf{fe e R: P[|&.(g) <e]>1—a}
~ e eR: P9 > e <a} 2 én(a0)

for each 0 < 6 < 6 which proves (1.34).
O

Upper Estimate of ¢,(a, g) Based on Refinement of Central Limit Theorem

Since the upper bound stated by Theorem 1.4.is suitable only for the small n, another upper
bound is needed. We start with several auxiliary results.

Lemma 1.6. (Bounds of variance of [;- K-Lipschitz functions) Let marginal distributions of P
have finite variances. Then

V2 < sup varpg < V- (1.38)

g is l1-K-Lipschitz

where

k k k k
Kz = K2 Z Z Vi1 ,ig and VQ = K2 Z Z vV Vi1 ,i1 Vig io- (139)

i1=1149=1 i1=1149=1

where (V4 iy )iy=1..k.is=1..k 1S Variance matrix of P.
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Proof. Let random vector X have distribution P.
Ad. the first “<”. Put g(x) = sz L @', Since g is [;-K-Lipschitz function and since

var(g(X)) = V?

the assertion is proved.
Ad the second “<”. Let g be l;-K-Lipschitz. Then it holds that

var(9(X)) = E(g(
= ) —9(EX))* — E(g (EX) —Eg(X))2

< E(g(X) - g(EX)) KZ\X’ EX'))

k k
= K> Y E|X"-EX"||X" - EX"|

11=1142=1

ko k ' -
< KQZZ\/VarX“varX”:V

i1=112=1

(we have used the Schwarz inequality at the last <).
O

Lemma 1.7. (Maximal third moment of /;- K-Lipschitz functions) Denote ¢; := F|X'— EX'|,
1=1,2,...,k and let

M} =E|X'-EX'P<oc0, i=12,...,k (1.40)
Then it holds that

sup  Elg(X) — Eg(X)] <

g is l1-K-Lipschitz

where

i1=1142=1143=1

_— N SN MMM, Y (141)

Proof. Let random vector X have distribution P. We use the Lipschitz inequality (L.1.), the
triangular inequality (7.1.), the Minkowski inequality (E|X + Y|p)% < (E|X|p)% + (E|Y|p)%
for p > 1 (M.I.), the H6lder inequality (H.I.) and the Schwarz inequality (S./.) in our proof
(see [45], p. 143, for M.I., H.I. and S.I.).

It holds, for arbitrary random variables X, Y and Z, that

INZ

Elxvyz| € ( )% (E\Y\%|Z|%)%

eit)! ([ (vt e (2]
( )%(EIYI) (EIZI)% (1.42)
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{/Elg(X) — Eg(X) = ¢E|g X) — g(EX) + g(EX) - Eg(X)P
EX)P + {lg(EX) — Eg(X)P?
EX)S +|E(9(EX) — g(X)|

(
—9(
—9(
(

< 7E| (X) - g(EX)P + Elg(EX) — g(X)|

k 3 k
< KJE lz | X — EXi\] +KY E|X'—EX'|

i=1

k k k
= KJY Y Y EIX" - EX"||X"? - EX®|| X" - EX"|

11=112=11i3=1

_|_
=
Mw
IS
>§
tq
e

A k- k
n sz S VE|X" — EX"3E|X”? — EX2[3{/E|X" — EX"[3

i1=110= 1 i3= 1

k k
+KY EIX'- EX'| = N 3 Z Z M, My, My, +> e
=1

=1 11=112=1143=1
O
The following Lemma provides an upper bound of Ple,(g) > Al.2

Lemma 1.8. Let the marginals of P have finite third moments. Then, for each [;-K-Lipschitz
function g, for each constant A > 3Mn~2/3¢'/3 and for each 6 € R such that

LT 04

it holds that

where

3

Plen(g9) > Al < U,(A,9) (1.44)
VA — 36 90 M M
Un(A,6) =20 (— - ) gy NoT n (W)] , (1.45)

® is the standard normal distribution function and the values V and M are defined by Lemma
1.6., Lemma 1.7. respectively. Moreover, there exists ng € N,

lim U,(A,9) =

n>ng,n—00

20One may ask why we do not use the well known Berry Esseén inequality instead of constructing a new
bound. The reason is that one has to divide by the standard deviation of the converging variables to compute
the B-E bound. However, it is usually impossible to compute the standard deviation if we are not able to
compute the expectation. We even cannot make an upper estimate of the B-E bound: to do so we would have
to use a lower estimate of the standard deviation which we cannot have if we want a bound valid simultaneously
for all the Lipschitz functions.
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We shall use the following result in the proof of the Lemma.

Lemma 1.9. Let &,...,&, be independent random variables with FE¢; = 0 for each ¢ and
B =3, El&|? finite. Let S := & +...+&,. Then there exists random variable T' ~ N (0, var S)
such that, for each Borel A C R,

P[S e Al < P[T € A%+ CyB (1 + |In(1/B)))
where B := 3072 and Cy = —2 (A€ denotes the e-neighborhood of the set A).

l—e—
Proof. See [37], p. 245, proof of Theorem < 10 >, formula < 15 > and the last formula of
the proof.
O

Proof of Lemma 1.8. If var(g) then the assertion is trivial. Assume that var(g) > 0. Denote
i 3
Mi =3 E|n""2(g(X;) - Epg)|
i=1
It follows from Lemma 1.9.that, for each d > 0,

P |\neu(g) > d| = P[|Vn€n(g)| = d| < P|T| > d — 30] + Corp(6-° M) (1.46)

where ¢(B) = B(1+|In(1/B)|) and T is a random variable with distribution N (0, var(g)) (we
have put & = n~"?(g(X;) — Epg) and A = (—o0, —d] U [d, 00) in Lemma 1.9.).

Since
3
- - 1 n

3 _ N — A - 3
M, = ;E 750X = By(X0))| = 5B le(X0) — Bg(X)|

—3

1 3 Lemma 1.7. M

= —I|g(X,)— Eg(X G

and due to (1.43) it holds that
§M3 < 53 VAN < e (1.47)

Since ¢ is nondecreasing on (0,1] (if B < 1 then it holds that ¢/(B) = [B(1 + |In(1/B)|)]

= [B(1+In(1/B))] = [B(1—In(B))) =1 —In(B) — £ = —In(B) > 0) we have

L aan (TP
POMY) < ¢(53 ﬁ). (1.43)

By using it and by putting d = \/nA we get

P|vn&.(9)| > v/nA] — Cotp (M35—3n—1/2)

(1.46),(1.48) A —

< P[> Vaa-36] =P |N(0,1)|zu
var(g)
NN _ _
gt [y (vas=35)] [ via -3
var(g) var(g)
- YRRy (RS
var(g) v
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which proves (1.44).

Ad. the convergence. U,(A,J) can be rewritten as
20(—n'2C + D) + En Y% — Fn= 2 In(Gn='/?)

where C, D, E, F,G > 0. The first and the second summand trivially go to zero, the third one
is easy to prove to do so:

1/x
. ~1/2 —1/2y _ 3 = li
lim =/ In(Gn™ %) = i{%xm(Gm) - glglg(l) —1/x?

(we have used the well known 1'Hospital rule).
O

When we fix n and A, the smallest of the upper bounds, stated by the previous Lemma, is

U, (A) := min Un(A,9). (1.49)

Mn—1/6e1/3<6<n1/2A/3

Lemma 1.10. Under the assumptions of the previous Lemma,
Plen(9) = A < U, (A) (1.50)

where U, (A) is defined by (1.49). Moreover, the problem (1.49) is convex (i. e. both its
feasibility set and its objective function are convex).

Proof. The formula (1.50) follows directly from Lemma 1.8.
Ad. the convexity of (1.49): Since the sum of two convex functions is convex, to prove the
convexity of U, (A, e) it suffices to show the convexity of both (M n~1/2673) and

)= 0 (Y25 =)

(¢ is defined in the proof of the previous Lemma).

Ad. Uy: 0U, /95 = Dp((35 — +/nA)/V), where D is a positive constant and ¢ is the standard
normal density. Since 0U;/dJ is nondecreasing on (—o0o,/nA/3], the function U; is convex
therein.

Ad w(ﬁgn*”%*‘o’): If h is a differentiable function such that A < 1 then
1
[W(h)]" = (h(1—=1nh)]" = [0 — (W' Inh+ 1)) = —[h'Inh] = — [h" Inh+ (h')zﬁ

When we put h(5) = C~3 where C' = M n~"/2 we get that

1
[(p(Co™3)]" = —[12C6°In(C5~3) +9025‘8053] = —[12C5 2 In(C63) + 90677
= —C6°[12In(C53) + 9]

whenever C'6—3 < 1. Clearly, [¢(C§73)]” > 0 whenever C§~2 < e~!. Since the latter inequality
holds true for each § € [Mn~1/6¢!/3 00), the function 1)(Cd~?) has to be convex on the feasibility
set of (1.49).

O
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Remark 1.6. To find the solution of (1.49) it suffices to check the boundary points of the
feasibility set of (1.49) and the global minimum of the function U,(A,e) which is uniquely
determined by equation

-3 -3
0:6’SD<_\/HA—35>+ 90  3M m(M)

v % 1—e ' Vot \/no

(we have used the fact, proved in the proof of Lemma 1.8., that ¢'(B) = —In(B) for each
B < 1, ¢ denotes the standard normal distributions density). Even if we are unable to solve
the equation analytically. the numerical solution is easy.

Finally, we can state an upper bound of the Monte Carlo error’s quantile.

Theorem 1.5. Let the marginal distributions of the distribution P have finite third moments,
let @ € (0,1) and let g be [;-K-Lipschitz function. Then it holds that

en(a, g) <€) (1.51)
where
én(a) = Igglﬁ (1.52)
subject to
Un(A,0) < a, (1.53)
Mn~Y0el/? <5, (1.54)
5 <n'?A/3 (1.55)

(U, is defined by (1.45)). Moreover, the problem (1.52) is convex and it holds that

lim é,(a) = 0.

n—oo

Proof. Fix a and n. First we show that the right hand side of (1.52) is well defined: Since

lim Un(D,n'*D/6) = 0,

there exists D; € R such that the vector (A,§) = (D,n'/2D/6) fulfils (1.53) for each D > D;.
Since (D,n'2D/6) trivially fulfils (1.55) for each D > 0 and since there exists D, € R such
that (D,n'/2D/6) fulfils (1.54) for each D > D,, the problem (1.52) has to have at least one
feasible solution. Moreover, €,(a) < max(Dj, Ds), i.e. the minimum exists.

Further, we show the convexity of the problem described by (1.52), (1.53), (1.54), (1.55).
The function U,, can be decomposed as

Un(A,8) = 20(L(A, 8)) + (M /2573

where ® is the standard normal distribution function, v is defined in the proof of Lemma
1.8. and L is some linear mapping from R? into R. It was shown in the proof of Lemma
1.10.that (M n=1/253) is convex in & on the set formed by (1.54) and (1.55). We prove that
®(L(e,e)) is convex on the same set. As mentioned above, ® is convex for negative arguments.
However, the negativity of L is assured by (1.55). Since the superposition of a linear and a
convex functions is convex, ®(L(A,d)) is convex on the set formed by (1.55). Hence, U, is
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convex on the (convex) set formed by (1.54) and by (1.55). Therefore, the whole feasibility set
is convex. Because the objective function is linear, the problem (1.52) is convex.

Finally, we prove (1.51): Denote by (A, 5) the optimal solution of the problem (1.52). Since
it follows from (1.54) and from (1.55) that A > 3Mn~2/3¢1/3 and that ¢ fulfils (1.43), we may
use Lemma 1.8.to get

Lemma 1.8.,(1.54),(1.55) R

Plea(g) = @n(a)] = Plea(g) = A < Ua(A,8) < a. (156)
Therefore

en(a,g) = inf{e e R: P[l€.(g9)] <e] >1—a}

= inf{le e R: P[|&.(9)] > €] < a} (26) é(a).

Ad. the convergence. Let € > 0,0 < A < e and ¢ > 0. It follows from (1.54), from (1.55) and
from the fact that lim,, .., U,(A, ) = 0 (see Lemma 1.8.) that there exists ng such that (A, )
is feasible solution of (1.52) for n > ngy. Therefore, €,(a) < € for n > ny.

O

Limit Behavior of ¢,(«, g)

The following Theorem describes the limit of approximation error’s quantile.

Theorem 1.6. Denote @' the inverse of the standard normal distribution’s d.f. and assume
that the distribution P has finite variance matrix (vy, i, )i =1. kip=1..k- Let g be l;-K-Lipschitz
function. Then

lim v/ne(a,9) <€a) where €a):= Vol (1 - g) (1.57)
where V is defined by (1.39).
We shall use the following result in the proof of the Theorem.
Lemma 1.11. Let random variables Y,, with d.f.’s F},, n = 1,2, ..., converge in distribution to

a random variable Y with an increasing d.f. F'. Then

lim F(8) — F~(B)

n—oo

for each 0 < B < 1.

Proof. The assertion follows directly from [14], par. 5.37.
O

Proof of the Theorem 1.6. Since, according to Lemma 1.6. and to the assumptions of the
present Theorem,

var(v/n€,(g)) = varg <V < oo
we may apply the Central Limit Theorem to get that

Vinénu(g) = N(0,var(g)).

By application of the Lemma 1.11. we get that
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Vnen(a, g) == Jvar(g)® (1 — a/2) < VO (1 — a/2).
O

Corollary. If P has finite variance matrix then

enla,g) =0 ?)  asn — oco.

for each [;-Lipschitz function g.

Proof. The assertion follows directly from Theorem 1.6.
O

1.2.3 Quasi Monte Carlo

Another way of the approximate computation of Fpg is using a combination of discretization
and Monte Carlo. In the present work, we call the technique Quasi Monte Carlo but it should
be noted here that the name Quasi Monte Carlo is being used for a wide range of techniques,
most of them using quasi-random sequences instead of random ones (see [33]).

The author is grateful to professor Dupa¢ who worked in this area already fifty years ago
(see [7]) and who inspired him to incorporate Quasi Monte Carlo into the present work.?

Before defining the Quasi Monte Carlo estimate, we shall formulate a useful assertion. It is
probably well known, however, the author could not find it in the literature, available to him.
The assertion provides a way how to get any k—dimensional random vector by a transformation
of a vector with a k-dimensional uniform distribution.

Lemma 1.12. Let U be a k-dimensional random vector with uniform distribution on [0, 1] x
[0,1] x...x[0,1] and let X be a k-dimensional real random vector. Let G;(e) be d. f. of £(X™)
and, foreach i = 2,3,... k, let G;(o| X', X? ..., X" D bead. f of L(X'| X' X? ..., X",
Denote Q = £(X) and define

k
tq: I1[0,1] — R,

i=1

to(u) = G (u),

th(u) = Gy (u'|th(u), t5(u), ..., 5" (u))

for 1 < ¢ < k. Then ¢ is measurable with respect to the Borel o-algebra of the k-dimensional
unit cube and

Lito(U)) = Q. (1.58)

Before we proceed, we formulate some helpful results. The first one is well known:

Lemma 1.13. If U is a random variable having one-dimensional uniform distribution and if
G is a distribution function then the random variable G~ (U) has distribution function G.

Proof. See [1], Theorem 4 on p. 15 and the notes below.
O

30ur technique is analogical to stratified sampling, particulary the case when exactly one observation is
drawn from each stratum.
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Lemma 1.14. If G is distribution function then G™(a) < z if and only if G(z+) > a.

Proof. If G(x+) > « then there exists x, > x, z, — = such that G(z,) > « for each v so that
G o) =inf{e: G(e) > a} < z. If G} (a) = inf{e: G(e) > a} < x then, for each z, > z, it
has to hold that G(z,) > a (otherwise G™'(a) > ) so that G(x+) = lim, G(z,) > « by the
limit transition.

]

Proof of Lemma 1.12. Since R” is a complete separable metric space, £(X'|X*,..., X"
exists according to [45], VI.1.21., hence the definition of to(U) is correct.

Proof of measurability and of (1.58). We proceed by induction: We get from Lemma 1.14.

(t5) " ((—o0,a]) = {u: u < Gy(w4)} = [0,Gi(a+)]
for each x € R and, from Lemma 1.13.,
LtHTUY) = L(XY),

i.e. t(, is measurable and (1.58) holds for k = 1.

Induction step: Let k > 1. Assume that vector mapping (tb, t3, ... ,t’é’l)’ is measurable with
respect to Borel o-algebra of k— 1-dimensional unit cube (hence with respect to Borel o-algebra
of k-dimensional unit cube) and that

L((to(UY), U U, 5 (U, U Y) =L((X",..., X" ). (1.59)
Ad. the measurability. Tt suffices to show that (¢f,)'((—o0,t]) is Borel set. Denote

It holds that

(t5) " ((—00,1]) = {u:th(u) <t} ={u: G (Wfth(ah), ... t5 (")) <t}
et L Gyt [t (at), .t (et

— {u: Gyt + [tp(a'),. .. . t5 (@) —u* > 0}. (1.60)
Since Gg(t + |e) is the conditional probability of Borel set (0,¢], it is measurable according
to [45], VI.1.1. Therefore and due to the facts that (t!,...,#*7!) is measurable by induction
assumption, that the superposition of two measurable mappings is measurable (see [30], A.3.5
(c)), that identity is measurable and that the sum of two measurable functions is measurable
(see [30] A.3.5.(a)) the function defining the set (1.60) is measurable hence the set is Borel.

Ad. (1.58). Denote R = L(to(U)),

r k-1

to(ur,ug, ... up—1) == (to(ur), ... 85 (ur, ... up—1))

and Q = L(tg). According to the induction assumption, the marginal distribution of the R's
first k£ — 1 coordinates is identical to Q. To get R = @ it suffices to show that Q[C] = R[C] for
each C'= A x (—o00,b) where A C R¥~! is Borel set and b € R.
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Denote H; the i-dimensional unit cube. Gradually we get

R=L(tq)

RlC] = /C dR(T) = /R Ie(r)dR(T)

= /H [(,Oo,b)(tg(ul,u%...,uk))IA(t_Q(ul,ug,...,uk_l))duldUQ...duk
k

. Io(tg(ur, ug, ..., ug))durdus . . . duy
k

= T oo (EE (uy, us, .. ug))d
/Hk1 L [0,1] ( 7b)( Q<U1 2 Uk)) Uk]

‘[A('EQ(Ul, U, . .. ,kal))duldlbg c. duk,1

I oo (G (ug|to(ur, ug, . .. uk—1)))d
[ A -

-]A(t_Q(ul, Ua, . .. ,uk_l))duldUQ c. duk_l
[(—oo,b)(Glzl(uk‘tla to,... ,tkl))dukl
Tati,ta, ... t_1)dQ(ty, ta, . . . tp—1)

N l/[O . I b)(G (Uk’tlyt% - ,tkl))duk] d@(tl,t% Cot)

' /0]

Q= L(iq)
= .

Lomma 115, /A [ /R ](m7b)(tk)de(tk|t1,t2,...,tk))} dQ(t1, b, . t51)
= /AGk(b|t1,t2, o te)dQ(t, t, L 1) = Q[C]

by the definition of conditional probability.
O

Denote m,, = |/n]. Our approximation method consists in the following steps:
1. We partition the unit cube to m* identical cubes.
2. We choose one observation from uniform distribution on each of the cubes.
3. We transform our observations using the superposition of the mapping tp with g.
4. We average the results.

The resulting value serves us as an estimator of £,g. Mathematically speaking, our estimator

equals to
1 My My

Cn . mk Z Z Z g tP 11,8250 ))

n 41=1149=1 =1
where U, ;,.. i, is a random vector having uniform distribution on the cube [l;n ! - L] %
[Zilnl,r;‘fn]x...x[zk ! T;k]foreachzl 1,2,...,my,i0 = 1,2,...,m,, ... =1,2,...,my,
such that all the vectors Ui, ., ... are mutually independent.
Denote
I'w(9) := Cu(g) — Erg (1.61)

the error of the approximation. Let U be random vector with k-dimensional uniform distribu-
tion defined on the unit cube. Then we can write
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Talg) = Culg) — Epg ™2 Cu(g) — E(g(tp(U))

(g) /[0,1]><...><[071]g< P(U)) u

1 Mp  Mnp

= oD % 9tp(Uii,..ix))

my ii=lis=1  ip—1
- L . g(tp(u))mydu
mfl 11=11i9=1 =1 [ Tlnn17m1n]><"'><[ fnnl’mljb] "
1 Mp Mnp Mn
- LERLE
n 41=142=1 ip=1
[g(tP(Uil,iQ ..... ’Lk)) - ~/[i1_1, il } X[ik_17 ik ]g(tp(u))m’lk;du

1 My, My

= S S S e Unn)) — EgtoUsnsn. ). (1.62)

my, i1=1lis=1  ip—1
Therefore
(162) 1 <o <& n
ET,.(9) "= F o> D [Egtp(Uiysy,.i)) — Eg(tp(Uiys,,..0))] = 0
n 41=1142=1 ik=1

i.e. Cp(g) is an unbiased estimator of Ep(g). We examine its variance and its asymptotic
properties.

Theorem 1.7. Let n > 2¥ and let function ¢ be [;-K-Lipschitz. Moreover, let
0

%F/\_l(uml, Toy. .., Tr 1)

exist for each u € (0,1), for each z1,29,...,2x-1 € R and each 1 < X\ < k (symbol Fj(e)
denotes the marginal d.f. of the P’s first coordinate, symbol F)(e|zy,...,zx_1) denotes the d.f.
of the P’s A-th coordinate’s conditional distribution given the first A — 1 coordinates) and let
there exist constants C' > 0 and 0 < a <1 such that

0
%F/\_l(mxl,x%...,x,\_l) <Cu™* (1.63)
for each 0 < u < 1/2, x1,29,...,2y_1 €ER, 1 <A <k, and
0 4 —a
a—F/\ (u|zy, @9, ... 2a—1) < C(1 —u) (1.64)
u

for each 1/2 <wu <1, xy,29,...,2x-1 € R, 1 <X < k. Then

1 (mn—2)* 1 mk —(m,—2)" 20—2—k 1727.2,¥2  :
= + m K°kC* ifa<1
var(I',(g)) < (3 ngi(im ) (2—a)(1-a) mk ) n _ (1.65)
(2 T ) m FK2k2C? ita=1.
Proof. (i) Introduction. Re-index random vectors U1, 1, U1, 2y - Uy in.om,, s Un,
U,, ..., U, and denote H; the support of L(U;) for each i = 1,2,...,mF. We can rewrite

(1.62) as
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my,

Lulg) =m,* > Z (1.66)

i=1
where Z; = g(tp(U;)) — Eg(tp(U;)).
(ii) Ad. 0 < a < 1. We start with the second moments of ¢}(U;). Fix i and \ and assume that
the projection of H; into the dimension A is [¢/m.,, (¢ + 1)/m,] for some integer ¢ fulfilling the
condition 0 < g < m,, /2.

Denote H;"! the projection of H; into the first A — 1 dimensions. Using the fact that
min, E(X — ¢)? happens for ¢ = EX for each random variable X we get that

@) = [ [ ) B i) - BT

/mn

A
m;duyduy_y .. .duy

< /H TS (), o 5 s un))mA sy < duy (1.67)
where
(@+1)/mn . N
T(te, .. b)) = // IF (ulty, . tact) — Fr (g + 1) /malty, - . . trt)2mndu. (1.68)
a/mn
For clarity, we shall write .J instead of J(th(u1),...,t5 *(uy,...,uxr_1)) and Fy '(e) instead of
Fol(ofth(uy), ..., t5 H(ud,...,ux_1)) in the following text.

If ¢ = 0 then we may use inequality

Fol(v) — FoV(u) = / PN (2)dx < / " Crdr = (- ) (1.69)

to estimate

= (1 ?6) /Ol/m"[(l/mn)l‘a — )P, du
C \? [1/ma
—a —2q 11/mn
) (1 EY“)an [u(l/mn)2—2a B 2(1/mn)1_a52_ P 3US_ 22@ 0/
(Y i
2 -
B (1?a>2 _1 N Qia + 3_12a] m2e?
- (1 ?a>2 _2__aa + 3 —12(1] m2a—2
= (1 S’a>2 _2_—aa T3 i a my
) (1 it) (; - Z) = C2<2—a)1(1—a>mia‘2 (1.70)



(we have used fact that 3 —2a > 2 — a for a < 1 at the last “<”) which implies that

(1.67),(1.70) 1 2

(U, > 2 2(1—2/ Mgy o dus — 2a—2
var(tp(U;)) < [ 20— m; e m duy—q Uy 2= o= a)m”

(1.71)

for ¢ = 0.
Let 1 < ¢ <m,/2—1. Using the Mean Value Theorem we get that, for each 0 < u < v < %

Fil(v) = FxH(u) = (B (0) (0 — ) (1.72)
for some u < b < v. Therefore and due to the assumptions of the present Theorem, it holds
that

Filw) — Fyt(u) < Cb (v —u) < Cu™ (v — u). (1.73)
Using it we get
(1+1)/mn
7= ((q+1)/mn) = Fy (w)2mudu

q/mn

(g+1)/mn qg+1 2
/ { ( u)} mydu
(I/mn mpy

) (5

(g+1)/mp l
< | (i
q/mn
1/mny
/ vim,dv

— 2 (q>
m’l’b
= (7 (q> " n
My, m 3
< 02 (1> 3 — ij2a72
- My, 3 "
so that
N (1.67) (2 A
var(tp(U;)) < ?mn‘l (1.74)

for 1 <q<m,/2.
Finally, if m,, is odd and ¢ = m,,/2 — 1/2 then, similarly to (1.67),

)\ 1/2+1/( 2mn) 1 9
var(tp /A 1/ () — FyH(1/2)]Pmgduzduy_y - . . dus.
' J1/2-1/(2my)

Analogically to (1.74), we get that

[ B ) - B2 P < L e
u) — mydu < ——m;;
1/2—1/(2mn) A A 23
and, using the symmetry, that
1/2+1/@2mn) . 1C? ae
L, (5 (w) = B (1/2)Pmndu < S—-mi ™2

so that (1.74) holds also for m,, odd and ¢ =m,,/2 —1/2.
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It can be easily proved using the symmetry that (1.74) holds for m,, /2 < ¢ < m,, — 2 and
that (1.71) holds for ¢ = m,, — 1. Therefore and due to the previous calculations,
L C?m222 ifg=0o0rq=m, — 1

var(tp(U;)) < { %CQmi"_2 otherwise.

(1.75)

It is clear that if ¢ = 0 or ¢ = m,, — 1 then the cube H; touches the boundary of the unit cube.
Hence, if H; does not touch the boundary of the unit cube then 0 < ¢ < m,, — 1 so that we get
that

1
var(tf;(Ui)) < §C’2mi“’2

if H; does not touch the boundary of the unit cube, and

1 } 2 2a-2 __ 1 2, 2a—2
(2—@)(1—@)73>Om” R

if H; touches the boundary of the unit cube. Now we can use Lemma 1.6.to obtain

var(£)(U,)) < max (

var(Z) < K*Y0 3 \var(t(U) var(E2(U,))

i1=1ip=1
{ K 2k2m02m3f“2 if H; touches the boundary of the unit cube

1.76
szQ%Csza_Q otherwise. ( )

n

Since exactly (m,, —2)* cubes H; do not touch the boundary of the unit cube, we may estimate

k
my 1 1
Zi < n_2 szkQ*CQ 2a—2 k n_2 k K2k2—02 2a0—2
gvar < (m ) 5Oy + [m, — (m )" G o= m;

1
mF — (m,, — 2)k]> m2* KK C? (1.77)

1 k
B (“”"‘2) I

3

so that

(L.77) 1 1
< ((mn ) [mf — (m, — 2)k]> m2e 22 )R P

which proves (1.65) for a < 1.
(i1i) Ad. a = 1. We shall proceed analogously to (7i): Let 1 < ¢ < m,/2 — 1. It follows from

the Mean Value Theorem and from (1.63) that for each 0 < u < v < 1/2 there exist u < b <w
such that

Fotw) — Fyt(u) = (YYD (0) (v —u) < Cb Mo —u) < Cu (v —u). (1.78)
Therefore
7= TR G ) ma) — B @)
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a7)  par)/ma g \12
< / {C’u‘ <u — )] mydu
q

/mn

(a+1)/mn 1\ ?
L) o
a/mn My M
1 -2 m;l m;l
= C? () / v’m,dv = C*m2m,, [03/3}0 =C?/3
0

My

(J is defined by (1.68).)
Let ¢ = 0. Since it holds that

Fl (o) — FoV(u) = / SOV (2)de < / " Cr'de = Clnw — Inw) (1.79)
we have
;o= Y B ) — B )Py

1/mn
C’Q/O [In(1/m,) — Inul*m,du

exp v

Qe /_Ooo[ln(l/mn)—(v+ln(1/mn))]2mn dv

My

0
= 02/ viexpudv

2 ! 2 0 0 0
= C <[v expv} T [2v expv]_oo—i—Q/ expvdv)
= 2C°

Hence, after handling the middle interval in case of odd m,, and using the symmetry the same
way as in (1),

(167 [ 2C% ifg=0o0r q=m, —1
ATy < "
var(tp(U;) < { 5C?  otherwise.

and, consequently,

K?k?*2C? if the cube H; touches the boundary of the unit cube

) <
var(Z;) < { szQ%C’Q otherwise (1.80)

so that

m m
var (I',(g)) = var (m;k ZZZ) =m, "> var(Z;)
i=1 i=1

(1.80) 1
< (S — 2 4 20mb — (my — 2)1))) KC?
— (ka - g(mn - z)k) K22C°

n n

_ o\k
= mk Q_M K2E202.
3mk

n
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which proves (1.65) for a = 1.
O

Corollary. Under the assumptions of the Theorem 1.7.,
Fu(g) = Op(n™ 3.
Proof. If a = 1 then 2=2¢4% — % and we get using the Chebyshev inequality

2k
1/2 (1.65) 17—k _9\k
var(n'/*I',(g)) 2 nm,, 2_5(mn 2) A
€2 €2 3mk

P(|n'*T(g)| = )

(M, + 1)*

— 24 "= 7294
€“my

for some constant A € R.
If a < 1 then there exists constant B > 0 such that

2—2a+k 2—2a+k

Var(n 2k Fn(g)) = n * var(I'(g))

mp—2)* mk —(m,—2)" a—2—
as) (3" + i ) e B

— (mn + 1)2(1—2—k
"% B3

hence, we may use the Chebyshev inequality to get the assertion of the Corollary.
O

Remark 1.7. (distributions fulfilling the assumptions of Theorem 1.7.) The assumptions are
trivially satisfied by uniform distribution (with a = 0).
They are also fulfilled by the triangular distribution (defined by density

f(x) =1I0pq (z)a %z + I1a,2q) (r)a"%(2a — )

-its duf. is F(x) = Ljga(2) 222 /24 L (,20)(2) (1 — (2a—2)?/(202) so that the quantile function
is F~Y(u) = Lo1/9(u)av/2u + I o1 (u)a (2 —/2(1 — u)) - we can thus put a = 1/2).

Exponential distribution trivially fulfils the assumptions of Theorem 1.7. with a = 1.

However, the constant a = 1 cannot be decreased in the case of exponential distribution: it
has quantile function —«/In (1_7“) whose derivative v/(1 — u) does not satisfy the assumptions
for any a < 1 (o, § and v are some constants).

Also the standard normal distribution fulfils them the assumptions of Theorem 1.7.with
a = 1: The derivative of its quantile function is (®7!) = 1/¢(®~1) where ® is the standard
normal distribution function and ¢ is the standard normal density. We are asking whether
there exists C' € R such that 1/o(®~*(u)) < Cu~t. However, since

: M— im wu “Hu)) = lim ®(x x) = lim <p(1:): m o)
M e =l /e () = B e)el) = dm ey = m e

=0,

a constant C' fulfilling (1.63) can be found (similarly with (1.64) and with non-standard normal
distribution).

However, a = 1 is the best constant in the case of the normal distribution: the derivative
of the standard normal distribution’s quantile is 1/¢(®!(u)). The condition (1.63) can thus
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be written as 1/o(® 1 (u)) < Cu=?, u < 1/2, which is equivalent to 1/p(z) < CP~%(x), z < 0,
which may be further reformulated as

() /() < C, (1.81)
x < 0. For (1.81) to be fulfilled
lim_®°(2)/ () (1.82)

has to be finite. We show the converse.
Let 0 < a < 1. If a = 0 then (1.82) is trivially infinite. Let a > 0. If the limit (1.82) was
finite then it would hold that

lim,_@°(2) () = (_lim_®(a)/p"(x) ) < oo.

r——00

However, using the 'Hospital rule twice, we get

. () VHR o(x) — lim a o()
=00 p1/a(7) r——oo @l (x)pl/al(z)  am—oo —zp(x)pl/e(x)
1-1/a ,
— lim awl}él%' lim —a(l—l/a)go_l/“(x)gol(m)
Tr——00 —T Tr——00
— lim a(l/a—l)go’l/a(x)xgo(x): lim a(l/a—l)@lfl/a(a:):c
= oo

1.2.4 MSE Comparison

The question may arise, which form of approximation is “better”: whether discretization, Monte
Carlo or Quasi Monte Carlo. It may be difficult to answer the question since the discretization
error is a constant while the (Quasi) Monte Carlo one is a random variable. However, we can
use the measure applicable to both the deterministic and the random variables - the mean
square error (MSE), i.e. to compare (upper bounds of) the MSE of the discretization error

PR (I, g) == (e(Il, g))°

with the MSE of Monte Carlo error

1

pu (9) = Een(9)’ = BEx(9)* = var(€a(g)) = — var(g)

and with MSE of Quasi Monte Carlo

pe(9) == ET,(g)* = var(Lu(g)).

Assume that the variance of g is unknown to us but we know that g is /;-K-Lipschitz.
If n = m* for some integer m, if marginal distribution functions of P are continuous and if
IT,, is defined by the relations (1.8) and (1.9) with m = n'/* then it holds that

pr (s g) < pys Py = én
(see (1.10) for definition of &2).
If P has finite variance matrix then
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_ _ —2
P (9) <pns P =V n
(V is defined by (1.39)).
Finally, if the assumptions of Theorem 1.7. are fulfilled for some a < 1 then

pil9) < pY,
e 1(m—2)k+ 1 mk — (m — 2)*
" 3 mk (2—a)(l—a) mk
(a and C' are defined at Theorem 1.7.).

1.3 Numerical Illustration

Assume, during all subsection 1.3, that the distribution P is jointly uniform with zero mean, i.
e. its density is of the form

1 k
f(x) = ———Iu(x), where M = H[—ai,ai] (1.83)
iz1(2a;) i=1
for some a; > 0,as > 0,...,a; > 0.

1.3.1 Discretization

Still it could be rather complicated to evaluate e, (II), defined by (1.2), for general discretization
I1. However, it is easy to calculate it for a grid discretization (see Definition 1.1.).
For instance, if n = m* for some m, the error e(Il,), where I, is defined in Theorem 1.1.,

is, according to Lemma 1.2.,
2@1‘ ) — 1 a;
ST
i=1 j=1 a;i+2a;(j—1)/m m m

2
- KZ(za,/Qai/m’u ) KZ<2a1m2>_Kiai

The bounds e, ; and €, (introduced by Theorem 1.2. and by Theorem 1.1.) can also be easily
calculated: The marginal distribution functions of the jointly uniform distribution with the
density (1.83) are

—a;+2a;j5/m

() = KXY [

1 1
Hifw) = §+2a

for x € [—a;, a;] so that, in case that n = m* for some m € N,

_ —a;+a;/m a;
t,(m) = Ti(m) = / Hiw)de =

—a;

(see Theorem 1.1. for definition of ¢;(m) and ¢;(m)). Hence, the upper bound introduced by
Theorem 1.1.is
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k-
_ Q; 1 a; a; a;
= W[ ([ ] o )+ 2
— L4m 2m m m 4m
kot a; 2(11' 2a7; a;
- K3 [
— L4m 2m  2m dm
kor k
a; a; 1 1
- Ky % 2}:[((—2 S (1.84)
lm  2m m  2m?) &
i=1 i=1
while the lower bound e¢,, s from Theorem 1.2. comes out as
k+1
K 1 1 I (mP gDk -1 1 ﬁ(2 )
€ns — max - 2 ’ - p) : a;
’ * L (2a)) dm  Am2E k17 2m (k + 1)2m2k=+k P
% 1 1 1 <m2k—1 + 1)k+1 -1 k| k )
= max | — — —5——, — — ! a;
dm  AmZE k17 2m (k + 1)2m2k*+k 1_[1( 2
1=
(we have put § = ﬁ in Theorem 1.2.).
j=1\2i _
The following table shows the values of the discretization error e(1l,), its upper bound €,
and its lower bound e, 5 for various m and k, K =1 and a; =ay = ... = a, = 1/2:
n=mk | k=1 2 3 4 5 6 7 8 9 10
m=2 2 4 8 16 32 64 128 256 512 1024
3 3 9 27 81 243 720 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625
e(My,)
m=2| 0,125 025 0,375 05 0625 0,75 0,875 1 1,125 1,25
3| 0083 0,667 025 03333 04167 05 05833  0,6667 0,75  0,8333
400625 0,125 01875 025 03125 0,375 04375 0,5  0,5625 0,625
50 005 01 015 02 025 03 035 0,4 0,45 0,5
en
m=2 | 0,1875 0,375 055625 0,75 0,9375 1,125 13125 15 16875 1,875
3| 0,389 02778 04167 05556 0,6944 0,8333 0,9722  1,1111 1,25 1,3889
40,1094 02188 03281 04375 0,5469 0,6563 0,7656 0,875  0,9844 1,038
5 009 018 027 036 045 054 0,63 0,72 0,81 0,9
En,s
m=2 | 0,0625 0,186 0,3258 04383 0,5415 0,6412 0,7393 0,8365  0,9331  1,0293
3| 00556 0,1481 0,2259 0,2949 03618 0,4277 0,4929 0,5577  0,6221  0,6862
400469 0,115 01701 02213 02714 0,3208 023697 04183 04666  0,5146
5| 004 00931 01362 01771 02171 0,2566 0,2958 0,3346  0,3732 04117

1.3.2 Monte Carlo

The “large deviation” upper bound, introduced by Theorem 1.4. can also be easily (numeri-
cally) computed. It holds that
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/a1 /a2 /ak 0Kz| o ;
U . o exp ZL’z HZ 1[2@ ] TpATg—1 . ..0AT1

— 2a / / / exp {GKle}dxkd:vk 1...dry

1
= - / /Ko / w2 / K drrdrg_y . .. dry
II;— a; Jo 0 0

- T () = I [ (- )

=1

so that

e(a) = KZ/ inf {éln[(&)—elnln( )}

—a; 0<6<

1

_ Kzaw inf {mH[QK%(W%—Q}—inn( )}.

0<6<6o

To compute the “CLT refinement” upper bound €,(a) we need to know the second and the
third moments of P’s marginals: Since

2
Y% ofori=j
Vij =1y 3 A
7 {O for i # 7,

— \IZZ ;;aiaj (1.85)

=1 ]:]_

.

(see Lemma 1.6. for the definition of V). As to the third moments,

a? a?
M3 =L ;= —
PT T T
(see Lemma 1.7.for the definition of M; and e;) so that

(] & & & k
M = K[JY 3 > MMM, +> e
L Vi1=1lip=143=1 =1
([ & & & T E g
— K 3 1 12 13 + 1
1121 1221 zgzl 4 \/ZL Z 2]
1 E kK
= K 34 \ Z Z Z iy (i Qi + Zaz
i1=112=11i3=1 i=1

(see Lemma 1.7. for the definition of M). To compute €, (), we solve (numerically) the problem
(1.52).
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In the end, we evaluate the “asymptotic upper bound” of €,(«).

. 1 k k
én() = n"Y?%e(a) = n V2V P! (1 — 3) = n‘lﬂﬁK > aja; 07 (1 — g)

i=1j=1

(€(cv) is defined by (1.57)). Below, a table showing the values of the “standard deviation”
bound €,(«), the “CLT refinement” bound €,(«) and the approximate bound é,(«) of €,(«)

for various m and k, K =1 and a; = as = ... = a = 1/2 can be seen:

n=mF | k=1 2 3 4 5 6 7 8 9 10

m=2 2 1 8 16 32 64 128 256 512 1024

3 3 9 27 81 243 729 2187 6561 19683 59049

4 4 16 64 256 1024 4096 16384 65536 262144 1048576

5 5 25 125 625 3125 15625 78125 390625 1953125 9765625
¢,(0.05)

m=2 ] 0,721 124 1,714 2,176 2,639 3,108 3,583 4,062 1,547 5,035

3] 0682 1,064 1,617 2,078 2551 3032 352 4,012 4,508 5,005

4] 0663 1,024 1576 2,044 2525 3014 3507 4,004 4,502 5,001

5| 0,648 1,099 1,555 2,028 2514 3,007 3,503 4,002 4,501 5
€,(0.05)

m=2 | 34,798 43,038 41,644 35087 27,725 21,088 15,527 11,231 8 5,632

3] 2661 25679 18,614 12,004 7,265 4,226 2,393 1,33 0,729 0,395

4] 21,984 17544 10519 5615 2,816 1,359 0,639 0,296 0,135 0,061

5| 18,962 13,057 6,759 3,118 1,352 0,565 0231 0,093 0,037 0,015
¢,(0.05)

m=2 | 04001 0,5658 0,6001 0,5658 0,5001 0,4243 0,3501 _ 0,2829 0,225  0,1768

3 10,3267 0,3772 0,3267 0,2515 0,1815 0,1257 0,0847 00559  0,0363  0,0233

4102829 02829 0,2122 01414 00884 0,053 00309 00177  0,0099  0,0055

5| 0,253 0,2263 0,518 0,0905 0,0506 0,0272 0,142 0,0072  0,0036  0,0018

1.3.3 Quasi Monte Carlo

Since we have no upper bound of I',(g) (defined by (1.61)) we exploit the fact that under the
assumptions of Theorem 1.7.

2—2a+k

n, % varl,, ~Y°T, (g) 2, N(0,1)

as v — oo for some sequence n,,* and use an approximate I',,(¢g)’s a-level quantile bound

2—2a+k

Lo(a) =n""2 0, ® (1 —a/2),

where var [, < 0,2% for each v, as an illustration of QMC error’s behavior.
In case of the uniform distribution with a; = 1/2 it holds that C' = 1 and a = 0 (see
Theorem 1.7.) so that we may choose

1 1
op =n" "t Kk §(n*k —2)k 4+ i[n — (n=F — 2)¥]

4We do not include the proof of the fact in the present work since it is very lengthy. However, it is not
complicated: First we estimate the third moments of Z; (see the proof of Theorem 1.7.for the definition of Z;).
3
2-2atk _p

k
Using the estimate, we show that lim,, . 211"1 E <mn 2 Zi> = 0. Finally, we apply the Central Limit

. 2—2a+k 2-2atk _ mk
Theorem for the Triangular Schemes to m, 2 T'y(g) =mn 2 >t Zi.
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according to (1.65). )
The following table shows values for I';,(a) for @ = 0.05 and K = 1.

n=mk k=1 2 3 4 5 6 7 8 9 10
m=2 2 4 8 16 32 64 128 256 512 1024
3 3 9 27 81 243 729 2187 6561 19683 59049

4 4 16 64 256 1024 4096 16384 65536 262144 1048576

5 5 25 125 625 3125 15625 78125 390625 1953125 9765625

Tn

m=2 0.25 0.3536  0.375 0.3536 0.3125 0.2652 0.2188  0.1768 0.1406 0.1105
3| 01283 0.1542 0.1352 0.1045 0.0755 0.0524 0.0353  0.0233 0.0151 0.0097

4 | 0.0807 0.0846 0.0649 0.0437 0.0275 0.0165 0.0097  0.0055 0.0031 0.0017

5 | 0.0566 0.0531 0.0366 0.0221 0.0125 0.0067 0.0035  0.0018 0.0009 0.0005

1.3.4 MSE Comparison

Let us compare the three techniques using the MSE now (see the subsection 1.2.4). Assume

again, that a; = as = ... = ax = 1/2 and that K = 1. We shall compare the following values
1 1\ k&
Vo =\ ——53)5
" m  2m2/) 2’
[or — =12 %
" 2V/3
and
Q —1-k k 1 k k —1-k 1 k k
pr = km —(m —2) +§[m — (m —2)k] = km -m —é(m—Q)
where m = | ¥/n].
The following table shows the results.
n=mF | k=1 2 3 4 5 6 7 8 9 10
m=2 2 1 8 16 32 64 128 256 512 1024
3 3 9 27 81 243 729 2187 6561 19683 59049
4 4 16 64 256 1024 4096 16384 65536 262144 1048576
5 5 25 125 625 3125 15625 78125 390625 1953125 9765625
D
\/ Pk
m=2 | 0.1875 0375 05625 0.5 00375 1125 13125 15  1.6875 1.875
3001389 02778 04167 0.5556 0.6944 0.8333 09722  1.1111 125  1.3889
4101094 0.2188 0.3281 0.4375 05469 0.6563 0.7656  0.875  0.9844  1.0938
5/ 009 018 027 036 045 054  0.63 0.72 0.81 0.9
oM
m =2 | 0.2041 0.2887 0.3062 0.2887 02552 0.2165 0.1786 0.1443  0.1148 _ 0.0902
301667 0.1925 0.1667 0.1283 0.0926 0.0642 0.0432  0.0285  0.0185  0.0119
4] 0.1443 0.1443 0.1083 0.0722 0.0451 0.0271 0.0158  0.009  0.0051  0.0028
5001201 0.1155 0.0775 0.0462 0.0258 0.0139 0.0072  0.0037  0.0019  0.0009
VR
m=2] 025 03536 0375 03536 03125 02652 02188 0.1768  0.1406 _ 0.1105
3001283 0.1542 0.1352 0.1045 0.0755 0.0524  0.0353  0.0233  0.0151  0.0097
4] 0.0807 0.0846 0.0649 0.0437 0.0275 0.0165 0.0097 0.0055  0.0031  0.0017
5| 00566 0.0531 0.0366 0.0221 0.0125 0.0067 0.0035 0.0018  0.0009  0.0005
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Comment. We see that the Quasi Monte Carlo performs the best (we should keep in mind
that the values for QMC are a very conservative upper bound). On the other hand, we should
also notify that the QMC has “the best possible” conditions, i.e. a = 0 in the case of the
uniform distribution.

1.4 Remarks and Open Problems

1.4.1 [,-K-Lipschitz functions

An assertion, similar to Theorem 1.6., can be derived for l5- K-Lipschitz functions:

Lemma 1.15. (Bounds of variance of lo- K-Lipschitz functions) Let the random vector X have
the distribution P with a finite variance matrix (v;, i, )i;=1. k.is=1.k. Lhen it holds that

wW? < sup varg(X) < W~ (1.86)
g is la-K-Lipschitz
where
2 2 172 2 -

W =K Z:r1r12axk v;; and W =K ;v” (1.87)

Proof. Ad the first “<”: All the functions
g =KX i=12...k,

whose variances are KQUM, K2’0272, e KQUka’ are lo- K-Lipschitz so that

sup var g(X) > K?v;

g is lo-K-Lipschitz
foreachi=1,2,... k.
Ad the second “<”:

var(¢(X)) = E[g(X) — E(g(X))? < E[g(X) — g(EX)]?

2

< E (K\l S (X' — EX%’)2) = K°E zk:(Xi — EX")?

k k
= K*) var(X') = K*> v,
i=1 i=1

(We have used Lipschitz property at the last <.)
O

Theorem 1.8. Denote @' the inverse of the standard normal distribution’s c.d.f. and assume
that the distribution P has a finite variance matrix (v, i, )i;=1. kis=1..k- Let g be lo-K-Lipschitz
function. It holds that

nh_)ngo Vnen(a,g) <&(a) where &(a):=Wo™! (1 - ;) )

Proof. The proof is analogical to the proof of Theorem 1.6.
O
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1.4.2 Grid Discretizations and Scenario Trees

Definition 1.2. We say that the discrete p.d. I = {x;, p;}I.; where

xi= (), @, .., x") €0 x Ny x ... xQ
for some spaces §2q, 8, ..., € is a scenario tree with stages at 21,82, ..., of the dimension
mai, Mo, ..., m, if the marginal distribution of elements from 2; has exactly m; atoms and the
conditional distribution of elements from €2, given values (x},2?,...,2¢ ") has exactly m;
atoms for eachi=1,2,...,n,v=2,3,...,K.°

When we imagine the atoms of the distribution as a graph of its possible realizations, the
definition says that each node of stage v has exactly m, 1 successors.

It is obvious that each P’s grid discretization of dimensions mq,mao,...,my is a tree of the
dimensions my, ma, ..., myg. However, it is not true that each scenario tree is a grid discretization
(any distribution with atoms 0,0',0,1", 1,0’, 1,2’, for instance).

1.4.3 Open Problem - Is the Bound V optimal?

Lemma 1.6. states a lower bound V? and an upper bound V7 of l1- K-Lipschitz function’s vari-
ance. It seems to the author that V2 is also the upper bound, however, he could not prove
it.

1.4.4 Open Problem - The “true” Convergence Rate of
Discretization

Many people say that the Monte Carlo estimation is better than the discretization if the di-
mension of the integral is large. However, it is a little tricky to compare the convergence rate
O(n=Y*+9) reached by the discretization with Op(n~'/2) of the Monte Carlo (see Theorem
1.3.and Theorem 1.6.). The problem is that while the rate Op(n~'/2) is reached by any MC
estimate of Epg, the rate O(n~'/*+9) does not concern any actual function g but the upper
bounds made separately for each n. More exactly, for each II,, there exists a function g, such
that e(Il,, g,) = O(n~'/¥+%). The question arises: what is the worst convergence rate of e(Il,,, g)
if ¢ is a fixed Lipschitz function?

1.4.5 Open Problem - Better Convergence Rate of QMC?

2a—2—Fk

We have shown that the Quasi Monte Carlo estimate of Epg is Op (n_T> where a de-

pends on the distribution (see Theorem 1.7.). Could not the rate be made better by unequal
partitioning of the unit cube. e.g. smaller cubes at the tails and greater ones in the meddle?

50ur definition of scenario tree is different from those from literature, however, it is consistent with them.
See [10], I1.5.1 for more about scenario trees.
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Chapter 2

Approximation of One Stage Stochastic
Programming Problem

2.1 Stochastic Programming Problem

Let (2, A, P) be a probability space and let X be an abstract set. Let g : X x Q@ — R be a
function such that g(z, e) is measurable and Ep(.|g(z,w)| < oo for each z € X.
Consider the stochastic programming problem (SPP), i.e. to find (one of the solutions) z € X
such that
Epg(z) = min Epg(z) (2.1)

reX

and suppose that it cannot be solved exactly for some reason.

There are many possible ways how to approximate (2.1). We restrict ourselves to the
approach consisting in looking for (one of the solutions) # such that

G(z) = miy G(z) (2.2)

where G is some approximation of Epg (for an alternative method of SPP approximation -
gradient estimation - see [13], [32] or [42]).

The question arises which type of the approximate problem (2.2) should be chosen to com-
pute (2.1). There are more ways how to approximate Epg, we shall deal with the techniques

consisting in replacing F(x) by a discrete distribution, as discussed in the previous Chapter -
i.e. using the discretization, the Monte Carlo and the Quasi Monte Carlo.

2.1.1 Optimality Gap

We are using the optimality gap
N(@) = W) = W@, W) = Epuge.w) = [ glz.0)dPw) (23

to evaluate the error of approximations. There are more ways of measuring the quality of the
approximation (2.2) (e. g. determining the distance between the “exact” and the “approximate”
optimal values), the optimality gap, however, seems the most natural because it measures the
error in the “units” of the original optimization problem: If costs are minimized, for instance,
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then 7() can be interpreted as the expected price for the approximation.! Moreover, n(%) may
be combined with EV PI?: we can define the expected value of perfect information and exact
computation as

EVPIC := EVPI +1(¢) = Epg(#) — Epmin g(z).

evaluating the cost of not having the perfect information and not being able to compute (2.1)
precisely.

The idea of using the optimality gap as the measure of approximation error is not new and
some work concerning the optimality gap was done. The paper [31] suggests a technique of the
optimality gap’s estimation using the Monte Carlo methods and the article [36] is devoted to
the estimation of the optimality gap by means of the Wasserstein distance, for instance.

Before we deal with particular types of approximation, we shall recall a useful and well
known result:

Lemma 2.1. For each optimal solution & of (2.2) and each optimal solution & of (2.1) the
following three inequalities hold:

(i) n(&) <sup[Epg(x) — G(x)] + [G(2) — Epg(2)],

() n(E) < igE[EPg<x> - G(z)] + igg[G(x) — Epg(z)],
(#i)  n(z) < 22161)13 |G(x) — Epg(x)|.

Proof
n(&) = Epg(t)—G(2) +G(2) — Epg(z) < Epg(t) — G(2) + G(2) — Epg(2)
< igg[Epg(x)—G(x)] G(2) — Epg(2)
< igg[Epg(x)—G(x)Higg[ (v) — Epg(x)]
< 22161)13|G(96)—Epg( z)|.

2.2 Approximation of SPP

2.2.1 Discretization

The discretization of SPP consists in looking for (one of the solutions) & such that

Eng(#) = min Eng(z) (2.4)

where II is a suitable discrete distribution.
The idea of using the discretization to approximate SPP is not new. In [15], the discretiza-
tion is used to solve the two stage linear SPPs. In [21], the result is generalized to the case

IThis fact is obvious if 4 is deterministic. Later on, we show that this definition makes sense also in case of
random #.

2EV PI - expected value of perfect information - is defined as EV PI := Epg(#) — Ep mingex g(x), see [2],
chp. 4.1. for more about EV PI.
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of non-linear SPP. In [16], a sequential discretization method is suggested to approximate the
two stage SPP. In [11], Theorem 3, a bound of Hausdorff distance between e-optimal solutions
sets of the exact and the approximated problem is stated for the case when P is a discrete
probability measure with a large number of atoms. In [36], the author suggests an algorithm
finding the minimum of the Wasserstein distance of the approximative and the exact measure.

In the present work, even possibly non-convex SPP problems with the probability measure
having a possibly unbounded support are handled. As in [36], we use the Wasserstein distance
to estimate the approximation error. However, since the computation of the distance could be
very complicated and since its minimization can have local minima, we do not try to find an
optimal discretization. Instead, we use a sub-optimal discretization for which the distance can
be efficiently computed.

We shall assume until the end of the section 2.2.1 that

(a) Q = R*, A is Borel o-algebra and all the marginal distributions of P have finite first
absolute moments

(b) mingex Epg(z) exists,
(¢) mingexy >0, g(x;,w;)p; exists for each wy,ws, ... ,w, € Q and p1,p2,...,p, > 0 and

(d) g(x,e) is uniformly [;-K-Lipschitz on X, i.e. there exists K > 0 such that |g(z,w;) —
g(x,ws)| < Kl|wy — wy||; for each wy,ws € Q and = € X.

The following Theorem gives an upper bound of the optimality gap caused by the approximation
of P by a grid discretization. Moreover, it determines the convergence rate of the optimality
gap.

Theorem 2.1. (i) If # is an optimal solution of (2.4) and if the approximative distribution II
is a grid discretization of P then

n(e) < 2sz:dW(Pi;Hi)

i=1
where P; and I;, i = 1,2,...,k are the marginal distributions of P, II respectively (see the
section 1.2.1 for the definition of grid discretization).

(ii) If there exists a > 1 such that Fj(z) = O(|z|~*) as © — —oo and (1 — Fi(z)) = O(|z|~*)
as r — oo for each marginal distribution function F; of P, i = 1,2,...,k, then a sequence
{I1"}2° | of at most n-atom discrete probability distributions can be constructed such that

77(3771) _ O(nl/k(—l—i-l/a))

where &, is an (arbitrary) optimal solution of the approximative problem with the distribution
II" for each n.

(iii) Let P have marginal densities f;(x) = e%®) i =1,2,... k, such that, for some constants
C >0, D > 0 and for each |z| > D it holds that ¢;(x) > C|z|. Then there exists a sequence
{T1"}22 , of at most n-atom discrete probability distributions such that, for each 6§ > 0,

n(z,) = o(n_%ﬂs) as n — 0o

where i, is an (arbitrary) optimal solution of the approximative problem with the distribution
II™ for each n.
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Proof. Ad (i). According to Lemma 1.2.it holds that

k
sup |En(w)h(w) - Ep(w)h(w)| = szW(Pu HZ) (25)

h is l1-K-Lipschitz i=1

By the combination of the formula with (iii) of Lemma 2.1. we get

Lemma 2.1.,(iii)

() < 2811)13 | Eriw)9(z,w) — Epyg(z,w)| <2 sup | Bty h(w) — Epyh(w)]
e

h is l1-K-Lipschitz

(2.5)

szkj dy (P, T1,) (2.6)

=1

which proves (i) of the present Theorem.

Ad (ii). Theorem 1.3. guarantees that under the assumptions of (ii) of the present Theo-
rem there exists a sequence of at most n-atom discrete probability distributions II™ such that
SUD), - 1, _sc-tipsenivs | Biin () (@) = Epyh(w)| = O(n!/¥=141/4)) Using it and the first two “<”’s of
(2.6) we get (ii) of the present Theorem.

The same way we prove (iii) of the present Theorem using the Corollary of Theorem 1.3.
O

2.2.2 Monte Carlo

Monte Carlo (MC) approximation of SPP consists in looking for (one of the solutions) Z,, such
that

Gn(Z,) = min Gn(x).
where G, (x) = %Z?:l g(x,¢) and (1, (o, ..., (, is a sequence of independent random elements
with the distribution P.

There was a lot of work done in the area of the MC approximation of the stochastic program-
ming problems. In the early paper [20] the convergence of the optimal value of the approximate
problem to one of the exact problem is proved and the rate of the convergence is shown. Simi-
lar results appeared independently in [48]. In [23], the empirical estimates based on dependent
samples are studied. In [12], the asymptotic normality of the optimal values’ distance is proved.
This result is further generalized in [41].

Assume until the end of the section 2.2.2 that

(a) X is compact subset of R" where r > 0 is some integer,
(b) E(g(x))? is finite at each £ € X and

(c) there exists a random variable b : 2 — R such that Eb? is finite and that |g(z,w) —
g(y,w)| < b(w)||x — y||2 for each w € Q and x,y € X.

It was proven by Shapiro in [41] that under these assumptions and provided that the problem
(2.1) has a unique solution, y/n [mingey Eg(x) — mingey G, (x)] converges to the normal dis-
tribution. Our result concerns the optimality gap and covers also the situation in which the
exact problem has multiple solutions.
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Let £ ~ P be a random vector. If Z,((y, ..., (,) is measurable then we define the optimality
gap of Monte Carlo approximation of SPP as

N(Zn) = 0T (G- 5 ) = E(9(@n(C- - G), OG- G) — Bl €) (2.7)

(2 is an optimal solution of (2.1)).

Remark 2.1. Thanks to the assumption (c) of the present subsection, there exists a measurable
version of Z,, according to [12], Proposition 3.2.

Assume until the end of the subsection (2.2.2) that ¢ is independent of (y,...,(,.* Under
this assumption, P may serve as a conditional distribution of £ given (i, ..., (, so that

E(g(aémg)‘gla---aCn) = /g(in(Cb-'-aCn%W)dP(w) = EP(w)g(in(Cla S 7Cn)aw)

hence
(@) = n(Zn), (2.8)
(n(e) is defined by (2.3)).

Therefore, we may use (i) of Lemma 2.1. to get that

N(&n) < (2.9)

where

Nn = max[Eg(r,§) — Gu(z)] + Ga(2) — Eg(2,§).

reX
The following Theorem estimates the asymptotic behavior of the bound #,.
Theorem 2.2. It holds that

1/2 D
n’°n, — max Y(x) (2.10)
where Y (o) is such random element of C'(&X') that the distribution of each vector (Y (x;),Y (x2),
L Y(x,)), x1,...,x, € X, p €N, is normal with EY (z1) = EY (x2) = ... = EY (x,) =0

and

cov(Y(z), Y (x;)) = var(g(®)) — cov(g(:), g(&)) — cov(g(x;), g(2)) +cov(g(:), g(x;)) (2.11)

foreacht=1,2,...,p,j=1,2,...,p.
Proof. By rewriting the definition of 7, we get

%—ggiih ,Gi)  where h(z,(;) = Epg(x) — g(x,G) + 9(2, () — Epg(z).  (2.12)

It holds that

cov(h(z),h(y)) = cov(g(®) —g(z),9(Z) — 9(y))
= var(g(z)) — cov(g(z), g(x)) — cov(g(y), g(x))
+eov(g(z), 9(y)) (2.13)

for each &,y € X. Moreover, the following three statements are true:

3Tt is natural to assume that the future realization of the chance is independent on our Monte Carlo sample.
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(A) h can be considered as C'(X)-valued random element. (Proof: Since h(e,w) € C(X) for
each w € Q due to the assumption (c) and since h(x, ) is measurable for each x € X, h is
random element with values from C(X) according to [28], Appendix, Proposition A4.)

(B) h(e,w) is Lipschitz with the constant (b(w) + Eb). (Proof: It holds that

|h(z,w) — h(y,w)] = [(g(y,w) —g(z,w)) — (Eg(y) — Eg(z))|
19(y,w) — g(z,w)| + Elg(y) — g(z)]

<
< bw)lle -yl + (Eb)|z —yl2 = (b(w) + Eb)|lz — yll, (2.14)

for each @,y € X.) Moreover, it follows from the assumptions of the present Theorem that
E(b(w) + Eb)? < oco.

(C) Eh(z)? < oco. (Proof: It holds that Eh(z)? ~"E~ var(h(z)) = var(g(&) — g(z)) <
var(g(&)) + 2\/Var(g(§:))var(g(a:)) + var(g(x)) < oo by the Schwarz inequality and by the
assumptions of the present section.)

Since (A) (B) and (C) hold true, it follows Theorem A.3.that there exists random element
Y taking values in C'(X) with zero mean and covariances (2.13) such that

n'/? (; ZZ:;M-)) L.y (e)

as random elements in C'(X'). Therefore and since the function max is continuous on C(X') we
may use Theorem A.2.to get that

n'/? (max1 ih(w)) L, maxY(x).

TrexX n = rex

Hence, the Theorem is proven.
O

Corollary. Under the assumptions of Theorem 2.2., 7}, (%,) = Op(n~'/2).

Proof. The Corollary is a direct consequence of (2.9) and (2.10).
O

2.2.3 Quasi Monte Carlo
Assume until the end of the subsection 2.2.3 that

(a) X is a compact subset of R",
(b) © = R* and A is Borel o-algebra,

(¢) g(z,e) is uniformly [;-Lipschitz on & with a constant L (i.e. there exists a constant L
such that |g(x,w;) — g(x,wq)| < L|lwy — wal; for each wy,wy € 2 and x € X),

(d) g(e,w) is uniformly lo-Lipschitz on 2 with a constant K (i.e. there exists a constant K
such that |g(x,w) — g(y,w)| < K||x — yl|2 for each ,y € X and w € ) and

(e) lg(x,w) — Epwng(x,w')| < H for each € X, w € Q and for some H > 0 independent
of  and w.
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The Quasi Monte Carlo (QMC) approximation of (2.1) consists in finding &,, such that

1 Mn  Mn

Co (&) = min C,(x), Cu(x) = S>> % 9@, tp(U iy is...ir)) (2.15)

k
eed My i =1ig=1  ip=1
where m,, = | ¥/n|, the mapping tp is defined at Lemma 1.12. and U , 4, 4., 01 = 1,2,. .., My,
o=12,....mp, ..., 5 =1,2,...,m,, are mutually independent random vectors each having
uniform distribution on {“’1, 1—1} X [@, 2—2} X ... X [”“’1, S|
My 7 Mnp Mn 7 Mnp Mn ° Mn

If we assume that &,, is measurable and that U, ,.. ;, is independent of £ (we recall that
¢ ~ P) then we may adapt the definition of the optimality gap from the subsection 2.2.2 with
tp(U iy is....i,) instead of ¢; and define the optimality gap of QMC approximation of SPP as

N(&n) = E(g(Tn, O)tp(Unir..1), - tp(Unmym,..m,)) — Eg(2,8)

and show that
(&) = 1(En)
(n(e) is defined by (2.3)). Moreover, the assumption (c) of the present section guarantees the

existence of a measurable version of &,, (see Remark 2.1.).
The following Theorem estimates the convergence rate of the optimality gap.

Theorem 2.3. Let %F/\’l(u]zl, Zoy ..., 2x—1) exist for each u € (0, 1), each z1,29,...,2x-1 € R
and each 1 < A < k (F) denotes the first marginal d. f. of P and, for each A = 2,3,... k,
F\(e|z) denotes the d. f. of the conditional distribution of the P’s A-th component given that
the first A — 1 components equal to z) and let there exist constants C' > 0 and 0 < a < 1 such
that

9

ou
for each 0 <u < 1/2, z1,29,...,2x0-1 € R, 1 <A<k, and

9
ou
foreach 1/2 <wu <1, z1,29,...,20.1 €ER, 1 <A<k Let § >0. If a > 1 — k/2 then

Fitulzi, 22, .. 201) < Cu™®

Filulzg, 22, 201) S C(1—u)™®

) = op (n-H)

where &, is an arbitrary solution of (2.15) for each n € N.
Before we prove the Theorem, we formulate a useful Lemma.
Lemma 2.2. Let F) fulfill the assumptions of the Theorem 2.3. Denote I'y,(x) := C,(x) —

Epg(x). If a > 1 — k/2 then for each > 0 there exists a constant C, > 0, independent of x
and n, such that
2—2a+k

P [n* 30T, ()] > 0] < 2exp {~Cyn)
foreachn > 1, x € X and 6 > 0.
Proof. Denote r := 1% and N = | {/n]*. We recall that

1 N

Fn(w) = N Z Zn,ia Zn,i = 9(33» tP(Un,i» - Eg(ac, tP(Un,i))

=1
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where U,,1,U,2,...,U, y are some independent random variables and where
EZ,; =0, var Z,; < LBN 2", (2.16)

for some constant B independent of i and x (see (1.66), (1.80) and (1.76), we recall that L is
the Lipschitz constant introduced by the assumption (c) of the present section). By putting
X =T,(z), \=nn""" and b = H into Theorem A.4.we get

- n72/@+26 2 nfn+6 H
) | ()

where 0% = L YV, var Z,,; and ¢ is defined at Theorem A.4. Since

(2.16)
0_2 S N—QHV S (nl/k . 1)—2]{%‘/’

where V' = LB, and since xi(z) is nondecreasing function according to (b) of Theorem A.4.,
we have

—2K+26,,2 —K+6
Kk+1/2-6 — " " i TIH
P (n Lp(x) > 77) < exp{ 2[nl/k — 1]_2@@‘/1/} <(n — 1)V \/n

(a) of Th. A.4. n72x+25 2 n,mﬂ; H
exp s — N " Ui
= 2[n1/k _ 1]—21%‘/ n—Q"“V\/ﬁ
nt/k — 1) 25 1T nH
= - — e Kk+0—1/2'12+
exp{ < 17k n sz (n v )
(c) of Th. A.4. 1 2kk 2
- exp{_<1_l/k> 7125 ’ §—1/2nH }
n 2V [1+ nro-1/222]
1 2kk 2
n 2V [ + ne—1/222L ]
1 2kk 772
< exp § — <1 - > P S S
{ nt/k 2V [1+ 2]

because k — 1/2 < 0 according to the assumption of the present Lemma. Hence

( +1/2—6 ) 12" 5 n?
P (n" 20 ()| > n) < 2exp —(1—1k> n'———
nt/ 2|V + 2]

1 2kk 772
< 2 —(1-—= (L
B eXp{( \/§> n2[v+ﬂf}}

< 2exp {—n‘SCn}

o 1 2kk %
Véhere C, = (1 — ,75> [V
Proof of the Theorem 2.3. Let 7 > 0. We shall proceed similarly to [27]. Denote A = %

Since g(e,w) is Lipschitz with the constant K, the function I',,(e) is Lipschitz with the constant
2K so that

Tn(®) := nA_(SFn(o)
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is Lipschitz with the constant 2Kn4~°.

Using a procedure, identical to [20]*, proof of Theorem 2, we may show that for each
n € N there exists @1, @a, . .., Tn(yn with N(n,n) < (D,2Kn*~° 4+ 1)* for some constant D,,
independent of n, such that

> <
P [glg;l%(w)l > 77} <P

Further, we may estimate

n N(n.n) n
N o> X < N> X4
p LLQ{%}%W) [ ()] > 3] < X P {I%(wz)! > 3}

Lemma 2.2.

N(n,n)
S ; 2€Xp{—n60g} :N<777n>26Xp{—n5C’g}
< (D,2Kn"~° +1)¥2exp {_n(scg} nooo

Since

0< nA—éﬁ(j ) Lemm<a o nA_(SQ maX\F (CU)’ = 2max h/ (iB)l
< n = xex " zex "

we have that
P {nA_‘Sn(:En) > 17} ==0.

2.3 Illustration

To illustrate the results of the previous section, we consider a simple SPP:

: 2
min Ep) (f(w) — ) (2.17)
where P is some distribution defined on R*, C' = [—c, ] for some ¢ € R and f : R¥ — R is a

Lipschitz function fulfilling —c < Epf < ¢ and varp f > 0. Since E(X — x)? is minimized at
EX for each random variable X, the exact solution of (2.17) is & := Epf.
The approximation of (2.17) by the problem with a discrete p.d. II" = {z;, p;}I, leads to
the problem
lgleiélEHn(f — )2 (2.18)

Evidently, the solution of the approximate problem is &, := Emn f.
Since
Ep(f —@n)* = Ep(f — Epf)* + (Epf — i,)?

the optimality gap of the solution z,, is
n(in) = Ep(f—in)’— Ep(f — &)’ =Ep(f — Ew f)* — Ep(f — Epf)’ = (Epf — Emn f)?
= (e(II", f))?

4The author works with an i.i.d. random sample but the part of the proof used here does not depend on
this fact.
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(see (1.1) for definition of e(Il™, f)). Hence, in case of the approximation of P by a grid
discretization having n = m* atoms,

n(t,) < B (i dW(H,H;?)>2 -0 (n—%(—1+1/a>)

i=1

for each a fulfilling the assumptions of Theorem 1.3.and for some B > 0 (since f is bounded
Lipschitz function, the function (f(e) — x)? is Lipschitz and we may use Theorems 1.1.and
1.3. to estimate the value of e(II", g), its rate convergence rate respectively).

In case of the MC estimate based on a sample (3, (s, .. ., ¢, from P, the solution of (2.18) is

- = 1 & i
n =1
so that the expected optimality gap is
_ _ 1F
Eij(#n) = E(Epf = [,)° = var(f,,) = — > var(f) = O(n™").
i=1

Similarly we get an estimate of the convergence rate of the QMC approximation error: The
approximate solution is

, 1 Mp Mnp Mn
&y = fr = " DX D fp(Uisy,.ir))
n 41=1142=1 =1

so that ) )
Ei(z,) = E(Epf — fa)* = var(fu) = var(Ta(f))
(I',, is defined by (1.61)). Hence, according to Theorem 1.7.,

En(z,) =0 (n_w)

where a is some constant fulfilling the assumptions of Theorem 1.7.

To summarize, the test problem outperformed the convergence rates estimates derived in
the previous section twice in all the three cases (discretization, MC and QMC). In case of the
discretization and of the QMC, the actual convergence rate may be even better than the one
shown here (we still have only estimates of their convergence rates). On the other hand, the
convergence rate cannot be better in the case of MC.
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Chapter 3

Approximation of Multistage SP
Problem

3.1 Multistage Stochastic Programming

Let (2,A, P) be a probability space such that 2 = 3 x Qs x ... x Q) for some subspaces €2;,
i=1,2,...,M, M € N, and that A = 4, ® A, ®...®.A) where A, is a o-algebra defined on €,
for each i = 1,2,..., M. Let Si,Ss,...,Sy be some sets. We define the (M-stage) multistage
stochastic programming problem (MSSPP) as

xrlnei)rfll Ep g1 (z1,wr) (3.1)

where P; is the marginal distribution (with respect to P) of elements of Q;, X; = S,

gM151XSQX...XSMX91XQQX...XQM—>R

is a function and

Gi(Zi,w;) = min - Ep, (w1 |0 9it1 (Tit1, Dig1) (3.2)
i1 €Xip1(T4,04)

for 1 <i < M, where

XiISlXSQX...XSi,1X91XQQX...XQZ‘,1—>2SZ.,

i = 2,3,..., M, are some point-to-set mappings and P;(e|w; 1) is a conditional distribution
(w.r.t. P) of elements of ; given w; 1 € Q1 x...xQ;_1 (Z; stands for (zy, s, ..., z;), w; stands
for (wy,ws,...,w;)). Assume that g;(Z;, ®) is measurable for each i = 1,2,..., M.

An overview of the theory of multistage stochastic programming can be found in [8] or in
[10] chp. I1.2. For some examples of (economic) applications of MSSPP, see [10] chp. I1.4. For
a non-economic application, namely hydro-energetic one, see [34].

In most applications, we are unable to evaluate exactly the (conditional) expectations in
(3.1) and (3.2) so that we have to make an approximation. More ways how to approximate
MSSPP exist. The one which is used most, however, is the replacement of P by a scenario tree.

Let m be a scenario tree with stages at 1,€s,...,€; and with dimensions ny,ns, ..., nyy
(see the section 1.4.2 for the definition of scenario tree). If we denote by

T = {gj17pjl }j1:1,2 ----- ny (33)
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its marginal distribution of the elements of {2; and by

i (@11 orio1) = ASi1d2sedir Pt o =12 ms (3.4)

its conditional distribution of the elements of €; given j, i, i 1 = (Sjys Sjvuasr - - - s Sitojarji1)
for each i = 2,3,..., M, then the problem originated by the replacement of P by 7 in (3.1)
and (3.2) can be written as

ni
min Em(g)gl(xlag) = mn Z pjlgl<x17§jl> (3.5)
xr1E€X] T1EX]
J1=1
where
gM(xM? §j17j27~--,]'M) = QM($M7 §j17j27~~-,jM) (3'6)
and
gi(xiv §j1,j2,---7ji) = N Eﬂi+1(§i+1|§j1,j2 ..... ji)gi'f'l(xi? Lit1s Sjr,g2,edis §i+1)
Zi+1€Xi+1(Z4,55, g, d;)
MNi41
= nn Z Pj1,jas.jiyr1 Git1 (xh Tit+15 Sj1,52,.0i0 §j17j21-~-»ji+1)
Ti41€Xi+1(Ti5Sj1 o, .., ji)ji-;-l:l

(3.7)

foreach 1 <7< M.
Assume, until the end of the Chapter 3, that

(a) Ep (w9121, wr) exists and is finite for each z; € A} and Ep,(,s,_,)9:(%i, @;) exists and
is finite for each possible w; 1 (i.e. @;—1 € Q1 x ... x Q;_1), each T;_; feasible given w; ;
(i.e. such that 1 € X} x9 € Xy(z1,w1), ..., ¥; € Xi(Ti—1,0;-1)) and each i = 1,2,... M,

(b) the exact problem is well defined, i.e. the minimum of (3.1) exists and the minimum of
(3.2) exists for each possible w;_1, each Z; feasible given w;_; and eachi =1,2,..., M —1,

(c) the approximate problem is well defined for each discrete distribution 7 defined on €2,

(d) € is a complete separable metric space,

Remark 3.1. The assumption (d) guarantees the existence of the conditional distributions
with respect to P (see [45], VI.1.21).

3.1.1 Problem of Interior Problems’ Solution

Before we turn our attention to the definition of the optimality gap originated by the approx-
imate solution of MSSPP, we have to consider the following problem: after the first stage
decision is taken and the first stage “chance” realizes itself, one has to solve the second stage
interior problem (defined by (3.2) with ¢ = 2). However, the approximate model provides its
solution only for those cases when the “chance” realized itself as one of the atoms of the ap-
proximating distribution ;. If the “chance” fell outside the set of the atoms of 7y, then the
solution of the approximate model may be useless since it may not be feasible. The situation
at stages 3,4, ..., M is similar.!

!The problem, described here, is reported in [6], for instance.
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Hence, for a successful application of the MSSPP, it does not suffice to solve (3.5) but, in
addition, one has to be able to find

min - Ep, @) 9i+1 (T, Tise1, Oiy i), (3.8)
Ti41E€X;(T4,04)
where z; := (x1, x9, ..., x;) are decisions taken in the first i stages, for each w; € Q3 xQyx. .. xQ;
and for each 1 =1,2,... ., M — 1.
There could be more ways how to solve (3.8), e.g. taking the “nearest” feasible solution
of (3.5). We suppose, however, that the most natural approach to the interior problems is to

generate a new scenario tree for each problem (3.8) (see the sections 3.2.1, 3.2.2 and 3.2.3 for
details).

3.2 Approximation of MSSPP

We will discuss three ways how to generate the approximating distribution in (3.5) - the dis-
cretizazion of P, sampling from P (Monte Carlo) and creating an approximating distribution
using the Quasi Monte Carlo.

3.2.1 Discretization

Similarly to the previous text, the word “discretization” means the replacement of the “exact”
distribution by a discrete one.

There exist many results concerning the accuracy of the MSSPP’s discretization (see [11]
or [25], for instance). All these works use the distance of the optimal values as a measure of
the accuracy. We provide some results concerning the optimality gap.

First let us discuss the problem mentioned in the section 3.1.1. As we have already said, we
suggest to generate a new scenario tree to solve each problem (3.8). i.e. to construct mappings

Hi : Ql X QQ X ... X Qi,1 — Sthi, (39)

1 =2,3,...,M, where Sg, », is the space of n;-atom discrete distributions defined on €2;, and
to approximate each problem (3.8) by

min - B @) (sis1)9i+1 (i, Tit1, ©is Gi1) (3.10)
Tit1 EXi(xi,wi)

where gy = g and

gl/(j:zu (Dz/) = min o E(Hy+1(au))(cl,+1)gu+l (juy Ty+1, @Vy gl/—l—l)
Ty4+1€Xy+1(Tv,000)
foreachv=i+1,14+2,...,M — 1.

In the sequel, the ordered set (Ily,1Ils,...,I1y), where II; is some nj-atom discrete prob-
ability distribution defined on €y and where II; are some mappings of the type (3.9), will
be called approzimation scheme of dimensions ni,no,...,ny (we shall write I1;(¢;|<) instead
of (I1;(S))(s;) for the sake of readability). Under the number of atoms of the approximation
scheme Il we shall understand the quantity Hle n;.

Now let us proceed with the definition of the optimality gap.
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Denote #; (an arbitrary) solution of (3.1), @; (an arbitrary ) solution of (3.5), ;(Z;—1) =
2;(Zi—1,w;—1) (an arbitrary) solution of (3.8), and &;(z;—1) = ;(Z;—1,w;—1) (an arbitrary) solu-
tion of (3.10). Let IT = (I1y, Iy, . .., IIs) be an approximating scheme. We define the optimality
gap of MSSPP approximation by scheme 11 as

m = Ep@ygm(t, To(T1,wh), .., Ea(E1, o0 Ep—1, Wn—1), W)
—EP(@M)QM(QATL [i’g([i’l,wl), c. ,[i’M(Zi‘l, c. ,[fM_l, @M—l)a‘DM)- (311)
An interpretation of the optimality gap of MSSPP is analogous to the interpretation of the
one-stage programming optimality gap: Suppose that the “chance” (gradually) realized itself

as wi,wa,. .., wy—1. If we were able to solve the MSSPP and its interior problems exactly, then
the sequence of our decisions would have been

A A

Ty, To(Ty, wh), - B (B, - Br—1, War—1)-
However, since we are using the approximative models, our decisions are
By, Do (1, w1), o T (B, T, Waro1).-

Hence, nip measures the expected loss caused by the approximation.?
The following Lemma shows a way how the optimality gap may be decomposed.

Lemma 3.1. Denote

m(wr) = g1(@1,w1) — g1(21,w1) (3.12)
and
ni(@i) = i@, Ta(1), .o Tio1 (T, 0o Bia), B(F1, -0 Ti1), W5)
—Gi(T1, B2 (®1), .., Bi1 (D1, - Bimg), BT, .- T ), ;) (3.13)
for 2 <¢< M. Then
M
m =) Epn. (3.14)
i=1

Remark 3.2. The quantity 7; may be interpreted as the optimality gap of the ¢-th interior
problem provided that we are able to solve the problems at stages i + 1,7+ 2,..., M exactly.

Proof of Lemma 3.1. We proceed by induction according to M. If M = 1 then the assertion
coincides with the definition of n. If M > 1 and (3.14) holds for M — 1 then

3.11),(3.2 L. . . . .
Ui ( ):( ) EPQM(5U1,932(£E1),---,OCM(ﬂfl,---,xM—l)) —EP191(331)
= (Epgn (21, T2(E1), -, T (T1, - Ep—1)) — Epyga(d1)]

+Ep, [91(21) — g1(21)]

3.2),(3.12 .

(3:2),(8.12) Ep ) A(E1,w1) + Ep, ) (w1) (3.15)

where
A(jjlywl) - EP(wg,...,w]\ﬂwﬂgM(:thij(:t1>7'"7'j;'M<l.'1a"'7*j7M—1)7(DM)

_EP(wg,...,wM|w1)gM(j:17 '%2(561)7 s 7'%M<I'17 §:27 s 7jM—1)7 @M)v

20bviously, the optimality gap depends on the choice of the approximate solution. However, our further
results hold independently of the choice.
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P(e|w;) denotes the conditional distribution of the elements from Qs x ... X Q) given w.
However, when we fix w; we see that A(Z;,w;) is nothing else but the optimality gap of the
M — 1 stage problem

min EPQ(W2|W1)g2(‘r17x27w17w2)-
x2E€X2(d1,w1)

Therefore, according to the induction assumption,

M—1
A(j:bwl) = Z EP(wz,...,wM|LU1)/’71/‘7w1 (Ldg, e awi+1) (316>
i=1
where
n;,wl (w27 SR 7wi+1) = gi+1(:’t17 :t2('j:1)7 s >;'Ei+1<x‘17 $2($1)7 - ')7 (DiJrl)
—Git1(T1, Zo(Z1), - . ., i1 (E1, To(21), . . .), Wit1)

for 1 <4 < M — 1. Since n;, (o, .-, Wiy1) = Niy1(W1,wa, ..., wipq) foreach 1 <i < M — 1 it
suffices to impose (3.16) into (3.15) to prove (3.14).

O

It is clear that the evaluation of nr requires the ability to compute the expectation with respect
to P. In case we are unable to compute such expectations, n; has to be estimated. The following
Theorem provides one of possible upper bounds of 7.

Theorem 3.1. Let IT = (II;, Iy, ...,II;;) be an approximation scheme and let there exist
constants dq, ds, . .., dys such that

’EPl(wl)gl(xlawl) - Enl(gl)g1($1, §1)’ <d

for each z; € X} and

‘EPi(wi\wi,l)gi(jia@i—lyWz') — B, (@19 (Ti, 0im1,6) | < d;

foreach i = 2,3,...,. M, ;1 € Q1 X Qo X ... X Qi 1, 11 € X}, 29 € Xo(x1,w1), ..., T; €
Xi(fi,hwi,1>. Then

M

m < 2Zidi~

i—1

Proof. First we show that
M
sup |Epgi(21) — B, gi(21)] < ) d, (3.17)

T1EX v=1

by induction according to M: If M = 1 then §; coincides with ¢g; so that (3.17) follows from
the definition of d;. If M > 1 and (3.17) holds for A — 1 then

SUP,, ey, | Ep g1(21) — B, g1 (21)]

< sup |Epgi(21) — B g1(21)| + sup B, g1(21) — B, Gi(21)|
r1EX] r1E€EX]

< di+ En, sup |gi(x1) — Gi(z1)|
r1EX]
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min EPz(UJQI{l)g?(xlnyaglaWQ)
22E€X2(x1,61)

dl + EH1(<1) sup
r1EX]

— min EH2(§2|§1)§2(:E17x27§17§2)
T2€X2(21,61)

< d +EH1(<1) sup ( sup [EPQ(w2\§1)92(x17x27§17w2) - EH2(<2|<1)§2($1,$2,§1,§2)D

T1€X1T \22€X2(21,51)

M

according to the induction assumption being applied to the first stage interior problem

min — Ep, () 92(21, T2, w1, wa).
x2€Xa(w1,w1)

Hence, (3.17) is proven® and we may use a well known procedure to get

m = Epgi(t1) — Epgi(21)
Epgi(41) — B, g1(21) + B, g1(41) — Epg(21)

< Epgi(t1) — En,g1(21) + B, g1(21) — EP1 (1)
317
< 2 sup [Epgi(z1) — Emgi(z1)] < QZd (3.19)

r1E€X]

(m is defined by (3.12)).
Let 2 <i< M and w;_1 € Q1 X ... x Q;_1. When we apply (3.19) to the interior problem

min E'w-u?' Zﬂ?,l’ T ,...,i‘i_ :t,...,xi,@i_,wi
xieXi(il,i2(i1),...,i‘i,1(11,...)75),',1) PZ( Z‘ 1,1)9( 1 2( 1) 1< 1 ) 1 )
we get that
M
ni(wi—1) <2 d, (3.20)
so that
Lemma 3.1. M (319)’(320) M M
m TETNS Epng <00 2> ) d, _Zsz
=1 i=1v=1i
O

To assure the assumptions of the Theorem 3.1., we shall suppose, until the end of the subsection
3.2.1, that

(1.a) ©Q; = R¥ for some k;, i = 1,2,...,M and A; is the Borel sigma algebra for each i =
1,2,..., M.

(1.b) each function g;(Z;,w;—1,e), 1 < i < M, is [;-Lipschitz (i.e. there exists a constant Kj
such that |g;(Z;, w1, ... ,wi—1,w) — g:i(Ts,wr, . .., wi—1, )| < Ki||lw—W'||1, for each possible
wi_1, each z; feasible given w; 1 and each w,w’ € §);),

3To derive (3.18) we have exploited idea similar to Katikovd in [25], pp. 137-138 as well as the well known fact
that min f(z) —ming(z) = f(arg min f(z)) —g(argmin g(z)) < f(argmin g(z)) —g(arg min g(z)) < sup, [f(z) -
g(x)].
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Remark 3.3. Sufficient conditions for the assumption (1.b) are stated in [24], for instance.

There are many ways how to choose a discrete distribution approximating the “exact” distribu-
tion at each stage (see [10] chp. II. 5). We shall use grid discretizations (see the section 1.2.1,
Definition 1.1.). The following Theorem provides an upper bound of the optimality gap.

Theorem 3.2. Let II be an approximating scheme of dimensions nq,ns,...,ny; such that
I1;(e|w;_1) is a grid discretization of Pj(e|w;_1) for each w;_; € RM xRF x ... x RFi-1, i =
1,2,..., M. Moreover, let there exist constants d; ,, ¢ =1,2,..., M, v =1,2,..., k; such that

dyw (P (®|wi—1), I, (e|@i1)) < ds, (3.21)
for each i = 1,2,...,M and @;_; € R™ xR"™ x ... x R (P, ,(e|w;_;) denotes the v-th

marginal distribution of P;(e|w;_1), II; ,(e|w;—1) denotes the v-th marginal distribution of p.d.
II;(e|w;—1), we put Pi(e|wg) := Pi(e) and II;(e|wy) := II;(e)). Then

M ks
m <2y (2 K- Zdi,u)
i=1 v=1

for each choice of the approximating problem’s solutions.

Proof. Since

EPZ'(UJAG)Z',l)gi (flv aji—l? wz) - Eﬂi(gi\@,l)gi (jza aji—l) gl)

Lemma 1.2. ki . i
K; Z dw (P (e|wi—1),1L; ,(e|w;i—1)) < K; Z d;,
v=1 v=1
for each 1 <7 < M, each w;_1 € 1 x Q9 x ... x Q;_1 and each Z; feasible given @, 1, the
assertion of the present Theorem is a direct consequence of Theorem 3.1.
O

The next Theorem evaluates the convergence rate of the optimality gap. We examine the
convergence rate with respect to the number of atoms of the approximating scheme. The
reason is that the size (number of constrains) of the approximating problem depends just on
the number of the atoms of the approximating distribution.

Theorem 3.3. Let P;(e|w;_ 1) have finite first absolute moment for each 1 < i < M and each
Wi—1 € Q1 X ... x ;1. Assume that there exists a constant D and a function h(zx) = O(x~%)
as r — oo such that

max(FE- (), 1 — F&47 (2)) < h(z) (322
foreachi=1,2,...,. M, v=1,2,... k;, w;_1 € R" x R* x ... x RFi-1 and z > D (the symbol

F;7" denotes the distribution function of P;,(e|w;_1)). Then there exists a sequence {II"}>°,
of at most n-atom approximation schemes such that

i 10) (n%(71+1/a)) : k— Zkz

independently of the choice of the approximating problem’s solutions (see Theorem 3.1. for the
notation).
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Proof. Denote p1,, = [n*/*] and assume that p'/® > D. When we put C' = /% in Lemma
1.5. we get that foreach 1 <: < M, 1 <v <k; and w;_1 € Q1 x ... x ;1 there exists a grid

discretization I}, of P;,(e|w;—1) with the dimension no greater than p, such that
m -~ Lemma 1.5. 7/15717,/(1 Di1 1/& w 1 (3 22)
dw (I} 5, s Fiv(e|@io1)) < /m Fio, (€)dg st /w [1 - Fo ' (©)ds < 6,
(3.23)
where y
2p,7¢
—9 / o MO+
and it could be shown analogously to proof of Theorem 1.3. that
O = Oy = O(n!/FE1H/), (3.24)

Let IIf" be the grid discretization defined by IIj%, II}%, ... ,H’l‘f,;l and let II%. be the grid
discretization defined by I} .., II'5,. ... Hf’; @, foreach i =23 ... M w_, € Q x
Qo x ... x ;1 (see Remark 1.2., (iii) for explanation how e s deﬁned using its marginal
distributions) and let II" be the approxmlatlon scheme defined by II}" H2 AU | Ly 1 Clearly,
IT" has
Pt = g <
atoms and o
Theorem 3.2. — 3.24 _ a
- Z ik K (3.24) O(nl/kz( 1+1/ ))_

-1

O

3.2.2 Monte Carlo

The Monte Carlo approximation of MSSPP may be viewed as the replacement of the original
distribution by a discrete distribution with random atoms. The procedure of the approximation
is as follows:

At first, a random sample

1 .
gl?CQ?“‘ Cnp C NP1, ]1:1,2,...,’[’L1 (325)
is generated. Further, we proceed by induction: Once ]1 in...j; 18 generated for some 1 < j; <
ny,l < g9 < n2, 1< g <ng, 1 < M, we generate a (conditionally independent) sample
from Py (e|C} i }173»2, . ]11’]27 _j;)- Mathematically speaking, we define
1 1 1
J15J255035 17 DJ1,0250,05,27 77 SJ1,J2,00 081 ?
1 11 1 1 1 1 ~
L(Grsreigiginn s Girgr -+ Grarengt) = Lirt (O1G Girgar -5 Grogi)y - Tt = 125000 mig
(3.26)
such that 31 Jomgigiin Jivr = 1,2,.00,nip, are mutually Conditionally independent given
]11, ]11732"' Gy avedi’ We repeat the induction step until ]1 Jauin 18 generated for each
]1 < nlv]? < no,...,JIm S N

4We say that variables A and B are conditionally independent given variable C' if there exists £(A, B|C),
L(A|C) and L(B|C) such that L(A, B|c) = L(A|c) ® L(B|c) for each possible value ¢ of C.
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Then, P, is replaced by the discrete distribution {C;l, 1/ny }:11:1 ,each Pi(e[C} ,.... i i ),
1 < j1 < nyq, . e 1 <5 < ny, v = 23,...,M, is replaced by the discrete dlstrlbutlon
{ A /n,} ,:: and the approximate problem is solved.

In the sequel, we shall write ¢ ;, . instead of {j,{} 5,05 Gy -

The idea of sampling from conditional distributions to approximate MSSPP, described
above, is not new. In [43], for instance, the consistency of the approximate problem’s opti-
mal value as an estimator of the exact problem’s optimal value is shown. In the present work
the optimality gap of the MC approximation of MSSPP is defined, its decomposition and its
upper bound are provided and the convergence rate is shown.

Remark 3.4.

5;17j2,~--,jA4 ~ P (327)
for each 1 S]l S’fll,léjg §n2,...,1 S]M STLM

Proof. We proceed by induction:

From (3.25), we have that £((j,) = Py for each 1 < j; < nj.

Induction step. Let 1 < i < M, put Q;(e[e) := L(¢} ;, |¢ 5, - )and Q; == L(C] j, ),
denote P; the marginal distribution of elements from €2 x Q5 x ... x €); with respect to P and
assume that

Qi,1 = pi—l- (328)
Let A C Q) Xx...x8Q;_1 be measurable set (w.r.t. 4;®...®.4; 1) and let B C Q; be measurable
set (w.r.t. A;). Then, according to the definition of conditional probability,
Qi[Ax B] “"=r /AQi(B\Zh 20y, 2i21)dQi1 (21, 225 - -+, Zim1)
.29 /A Qi(B‘Zlu B2y 7zi71>dpifl(zla R2y e 2'171)

/APz‘(B|Z1, 29y .- 7Zi—1)dpz‘—1(217 22y e Zi—l)
def.gop‘ _PZ[AXB]

(3:26)

By putting ¢ = M we get the assertion of the Remark.
O

Let &y = (€1, &, ..., &) ~ P. Similarly to the start of the subsection 3.2.1, we assume that
once the “chance” has realized itself as & = (£1,&,...,&) at stage 1 < 4 < M, the user of
the model solves (3.8) the way analogous to the first stage: First, the distribution P (e|&;) is
replaced by the distribution with probabilities 1/n;41 and with atoms

LGt (3.29)

L( ]Ztll\fz) = Pii(0l&), Ji1=1,2,..., 041, (3.30)

such that ¢ G ., flﬁl are conditionally independent given &. Then, each distribution

P,(eo|&, ¢ Gt () is replaced by the distribution with probabilities 1/n, and with
atoms

Gty Stz 0 Gl i (3.31)
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£(C;:-117ji+27---,ju|é’ @;117ji+2,---7ju71) = PV(.EZ" C;i—:llvji-kk---yjufl)’ Jv=12,...,m, <3‘32)
such that

¢t i+l i+l
Jit 1oJit 25517 SJid1,Ji425527 7 SJiq1,Ji4 250N
. . . FoFitl .
are conditionally independent given (&;, S .) (in the sequel, we shall denote
Fit+1 _ il il i+1
Jit 1 Jit2s--0dv OJit1? SJip1Ji42? " SJik1se0dy
for readability).
Remark 3.5.
FoFitl
(éi’ Cji+1,j¢+2,~~,j1\4) ~ P (3'33)

for each ji+1 = 1,2,. .. ,ni+1,ji+2 = 1,2,. SN ZHT, IO 7jM = 1,2, oo,y
Proof. It could be proved similarly to Remark 3.4. that

L(C;:_ll,]z+2,JM|gZ) - £(§i+17 §i+27 s 7£M‘gl>

which implies the assertion of the present Remark.
O

Denote B B -
E’i = (Cil,...,l’ Cil,...,Z? st 7<’:Li7n7;+1,..,,nM)

the vector of all atoms of approximating distributions at the i-th stage and assume that
(2.a) Z; is independent of &y, and
(2.b) Z; is conditionally independent of &, given &_; for each 1 < i < M.

It would seem straightforward to define the optimality gap as a conditional expectation given
all the approximating distributions. However, if we did so, then we would get into trouble
with the dependence of the atoms ¢!, 1 < i < M, on &: First, it would be difficult to work
with such a quantity. Second, it would be strange to think of “expected costs given the future
Monte Carlo sampling”. Moreover, we may encounter problems with the measurability of the
approximate solution. Therefore, we proceed different way.

The actual loss caused by the approximation is

A A

g (T1, T2(Z1), o, T (Z1, oo, Tre1), Er) — g (T1, T2(21), ooy B (T ooy Tr—1), Er)

where #; (an arbitrary) solution of (3.1), ; = Z;(Z1) (an arbitrary solution) of the first stage
approximating problem, #;(%;_1) = #;(Z;_1,&_1) (an arbitrary) solution of (3.8) with @; ; =
&-1 and 74(Zi—1) = 7;(Ti_1,&-1,Z;) (an arbitrary) solution of the i-th stage approximating
problem given that decision(s) Z;_; were taken in the first i — 1 stages. Of course, we may write

M
gM(*%lai'Qa"'ajM?gM)_9M<£17'@27"'7£M7€M):Zhi
i=1
where
hi = hl(éM75177E’L)
= gM(j‘l,...,fi,i'i+1,...,fi'M,§M)—gM(i‘l,...,fi_l,ii‘i,...,fiﬁM,gM).
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If all #1,22(%1),...,Zm(Z1,...,Tp—1) are measurable then we could define (but we will not)
the optimality gap as

1111

M
77;11,n2 :ZE(hz|€z—1aElaazz)

It is well known that if X, Y and Z are random variables such that X is conditionally inde-
pendent of Y given Z then

L(X|Y, 7) = L(X|2). (3.34)
Using it we get
E(h’i|gi—17 Ela s 751)
= / hi(é_l,wi,...,wM,El,...,Ei)
QX XQpr
d‘C(gH cee 7§M‘£i—17 Ela s 7Ei)(wi7 s 7wM)
A = =
QX z(fzflawla Y R =1 R 7*—‘1)
dﬁ(fl, e ,gjy‘fi,l)(wz" e ,WM)
= Ep g )9 (1, - Ti1, Ty §i1, wi)
_EPi(wi\f_i,l)gi(-%b s 7fi—17 ii? gi—lywi)' (335)

(we got the last “=" by a successive application of the fact, following from (3.2), that

v (fm (’DI/) = EPV+1(w,,+1|(Dy)gV+1 (j:ua LTy+1, (Du—i-l)

for each possible w,, each z, feasible given w, ; and each v =14,..., M — 1).
Now we may formulate an analogy of Lemma 3.1.

Lemma 3.2. If all #1,%9(%1),...,Zm(Z1,...,Zy—1) are measurable and if the assumptions
(2.a) and (2.b) are fulfilled then it holds that

Ty .. Z hi

where

h;i,,,,,nM = EPi(wi|§_i,1)gi<5i'la ey Ty, Ty, gzel, Wi) - EPi(wi|£_¢,1)gi<i'la s Ty, Ty, giqﬂ%’)-
Proof. The assertion follows from the previous text.

O

Unfortunately, no sufficient condition assuring the measurability of the approximate solutions,
applicable to the definition (3.1) of MSSPP, is known to the author. However, we may define
the optimality gap of the Monte Carlo approzimation of MSSPP even for non-measurable ap-
proximate solutions, using the reformulation given by Lemma 3.2., as

~ M T
nnl,nz,...,nM T ZiZl hm,‘..,nM

E

Z Puwile ) 9i(T1s o T, T, St wi) — Ep g ) 9i(Z15 - Ti1, T, &1, wi))-
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It should be stressed that 7, n,. ..na,
surable bounds in the present work.
The following assertion is an analogy of Theorem 3.1.

may not be measurable, however, we introduce its mea-

Theorem 3.4. There exists a random variable G such that
7777,1,”2 ,,,,, s S G (336)

for each choice of approximate problem’s solution and

M
EG <Y i -|ED;+ ED)] (3.37)

i=1

where

Dz’ - Dz(éz—la(ﬁ):Dz(gz—laCiv7€rlzl)

= sup _ [EPi(wﬂgl )91(371761 1>w1 Z Gi -1'1751 1) C )]
1 EX1,T2EX2(21,61),-- i €EX; (Ti—1,Ei—1) N ;=
and
D; = (62 17§) D/<€Z 17<l7"' Cnl)

21 E€EX1,B2€X (21,61),0, B €X (Tim1,Ei—1) [ i ;=1

= sup Zgz Zi, &1, ) Pi(ws € )gi(jiagi—lawi)]

(both sides of (3.37) may take infinite values).
Proof. Similarly to the proof of Theorem 3.1. we get that

E}LIJLQ ----- nn S Gl + Gll (338)
where
1
G1:= sup |Egi(x1,&) — — Z g1(x1, le)]
r1EX] nq ji=1

and

G = sup Ty, — Eg(x .

Y sen [nl ]122191 ' ]1 g1, 51)]

(g1 is defined by (3.7), we have put g, — ]11 ..... o and pj;,_j, = 1/n, for each v in the
definition).

Further, it could be shown analogously to the proof of Theorem 3.1.that

M—-1 n1 n2

G1 < Dl + Z Z Z Z ”*1(5}1,3'2 ----- jV’g}lij:-'~7ju,.> <339>

v=1 ji1=1j2=1 Jv=1

and, by taking expectation on the both sides of (3.39) and by using Remark 3.4. and Remark
3.5., we get that

M
EGI S E Z Dl/(&/—la C:/) (340>

v=1
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Analogously we obtain that
M
EGY < E) D,(&-1,¢)- (3.41)
v=1

When we apply the same proof to the i-the stage problem, we get that, for each i = 2,3,..., M,
there exist G; and G such that

Ry < Git G (3.42)
and
M
E(G;+G)) < EY D, + D,]. (3.43)

By the combination of (3.38), (3.40), (3.41), (3.42) and (3.43) we get that

G = Y[Gi+ G

i=1
fulfils (3.36) and (3.37). Hence, the Theorem is proven.
O
Before we state a bound of the MSSPP approximation convergence rate, assume that

(2.c) X1 C R™ and X;(&;_1,w;—1) C R" for each possible w; 1, each &;_; feasible given w; s,
and 1 <1< M,

(2.d) each function g;(e,w;), 1 <i < M, is uniformly [-Lipschitz (i.e. there exists K; € R such
that |g;(&i, wi) — 9i(Y;, @0i)| < Ki||®&; — g;||2, for each possible w; and each Z;,y, feasible
given w; 1) and

(2.e) there exist Hy, Ha, ..., Hy € R such that

‘E (gz(jzagz> 51;1) — 9i(%4, &)

for each possible &, i =1,2,..., M.

< H;

Theorem 3.5. Denote X
Xl - Xl

and

~

Xi = {iz t XL € ?E'i_l,acl- < Xi(£i—17®i—1) for some Wi_1 € Ql X ... X Qz‘—l}

and assume that X; are compact for each i = 1,2,..., M. If n; = [n'/M| for each 1 <i < M
then there exist random variables 17,75, ... such that

and that
T, = op (n_ﬁ”)

as n — oo for each arbitrarily small § > 0.
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Proof. We do an estimate similar to the one from the proof of Theorem 3.4.:

1 X
Tl,n = gglgigl 1]21 (Egl(whfl) 91(331 1))

max 1 21: (E91(€I31,51) —91(3317(;1))

<
T1eA _nl =1 ]
+max [ (qa(@ L)~ dalan L))
T1EX) [Ny o] TN 54y 1 L1, 65
=  max ii(Eg(a: &) —gi(x gl))
TeX, | ny = 1 1,61 1 1555,
1 niy  no .
+ fhax g 3122132231 (Epz(mo 192(@1, Ba, (W) — gQ(wl,mz,le,j2)>
< max ii(Eg(m &) —gi(x (1))
>~ oo, ny = 1 1,61 1 1, 71
+ max (Ew T, (i w ~53,_1.)
:iQG.XAQ [anLQ ‘7121‘7221 Py 2|<1 )gZ( 2 C-j1 2) 92( 2 CJI,JQ)
< ...
M
< ZmaXB T
,/:111_1 €X,

where

Bi(%:)

DI SYC/

J 11 =1 Ji=1

G;L---J - Gl( ]1 i ) - [E (gi(ii’ C}l,---ajz‘fhl)’ E}lv---vji71> - gi(ji’ 6;1,---&')} :
Similarly we could get that

1 & 3
T/ e - p 1 —E < B/ _i
1,n a{{lg)}fi ny ]’12:1 (91($1, Cﬂl) gl(ml,Sl)) N z;gzl?jé Z(w )
where 1 n i
Bj(x:) = — > 2 Gl

(2
=15 4=1 =1

Gfl ji = G (‘”w@l, ) = {gi(‘ii’ le,...,ji) - b (gi(‘zi>§;1,...,ji_1,1)’ 5;1,...@_1)} '

.....

The rest of the proof is very similar to proof one of Theorem 2.3.: Denote d = M4d. Since

~1
(G;17]2 7ji|Cj17---7ji—1) =0,

5}17--~7ji1)
H? (3.44)

(2

var (G

J1:J25e-3Ji

S = E([E(s@S ) - e@0 G )

Remark 3.4., (2.e)
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and since G 1, Gt G are conditionally independent given ;-117_._7‘71_, we may

J1,J25- J15525--52 J15J25--s101
¢t
715J25--+5i—1

{ ., 3J250 000 )i— w ( I 7nl TZH7227~ 3Ji— > }

(b) of Th. A.4. { n2d772 y <nd77Hi) } (c) of Th. A.4. nan2 1
< expq —— L < exp ] —
- 2H? H? - 2H? nin
1 1 \/ﬁ 3 1 + W

P( 1/2 dlZ

Ji=1 ]1;]27 Ji —77’ J1,J25e00i— )

1/2 1 ni ; d
- Gy s = M1
€xp

1‘]—1
2d2

<

2
d N d i
exp § —n; - <expy—n;C
{ 2H2n; % + 2Hnn, 1/2 } { 7]}

Since the upper bound does not depend on the condition, we also have

IN

. 2

i n
where C77 = S Iom,
that

P (n;/Zd; i: G;lvj%---yji = 77) < exp {_nfc’;} '

tji=1

Further, since P(X,, > a) < 3%, P(X; > a) for each sequence of random variables X,..., X,
we get

P(nll/2 dB( )>77)<Hn,,exp{ dC’;}

(we take [[°_,n, = 1). Finally, we get, analogously to the proof of Theorem 2.3., that there
eXiSt y17 y27 e ’yN(ni,n) € Xi?
. ok
Ninin) < (Dinl* 4 1)

for some constant wa independent of n;, such that

N(n;,n)
P<n§/2_d max B;(Z;) Zn) < X P (n,*"Bi(y,) > 1/3)

T,eX;
351) (Dl 1/2—d + 1) H n, exp{ dC;/?)}
_ (D 1/k 1/2— d+1>zu,1"/’ Lnl/kJ exp{—Lnl/deC’f?/B}
== 0.

so that .
max B;(&;) = op (n;l/%d) op (n_m+5)
:EieXi
Similarly we get that )
max B.(Z;) = op (n‘WM) :
CEZ‘GXZ‘
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so that ) )
Bl v ST+ T, < max Bi(&;) + max Bi(&;) = op (n 27 "°) (3.45)

T;eX; T, €X;

Analogously we could get that there exist T, ,, T}, such that

Ty yeeny

By < Tom + T}, = op (n770 %) (3.46)

.....

. and that we would have less sums in the estimate of 7T,,,, than in case of Ti ).
Using the definition of the optimality gap and the relations (3.45) and (3.46) we would then
get that

1

M
1, = Z(Tm +1T,,)

v=1
fulfils the assertion of the Theorem.
O

One may ask whether the convergence rate op(n~"/M+9) is not too conservative. We show that
it is not: we construct a problem fulfilling the formal definition of MSSPP with the convergence
rate of the expected optimality gap being O(n~Y/M) where n is the number of atoms of the
approximating distribution.

Remark 3.6. For each M > 1 there exists an M-stage optimization problem such that
Eﬁn = Eﬁnl ..... ny O (niﬁ)

where n; = | ¥/n] for each i =1,2,..., M.
Proof. Consider MSSPP

min Bgy(21,&) (3.47)
where
- M
g (T3, &) =Y (fil&) — x)° (3.48)
i=1
and B B B
9i(%, &) = ;111120 E(git1(Tiv1,&41)[60) (3.49)
foreachi =1,2,...,M—1, C = [—c¢, ] is some interval, f; : R — R are some Lipschitz functions

such that —c < fi(e) < ¢ and var(f;(&;)) > 0 for each i. Moreover, let §; be independent of &;
for each 7 # j.

Since F(X —z)? is minimized by # = EX for each random variable X, it is easy to determine
the exact solution of the problem defined by (3.48) and (3.49) - it is

21 =Efi(&), T2=Efa(&), - In=Efuéu).

Similarly to the exact problem, the solution of the approximating problem defined by (3.48)

and
1 A _ =
Z Jit1(ZTiv1, &, Cji)

9:(Z;, &) = min
9i(%:, &) = min, o

Ji+1=1
15 1 "Zl 1 1 nzz 9 1 nZM M
F=—Y A, d2=—3 ARG, . dw=— Y ful).
g " ny o=t M =1 ]M
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We have that

Eb, oy = BE[EIfi(&) - 2?2 - B(fi(&) — )]
= B[(fi(&) — 2:)’] = E(fi(&) — @:)°
= E(fi(&) — Efi(fi)) + B(Z; — Efi(&))z — E(fi(&) — Efi(fi))2

1
= varg; = — var f;(&)
T

(we have used the fact that ¢§ ~ £L(&;) for each 1 < j < n; following from (3.33)). Hence

Em—uwzmﬁa—<ﬂw

O

Remark 3.7. The problem, constructed in the proof of Remark 3.6., fulfils the assumptions
of Theorem 3.5.

Proof. It is obvious that the assumption (2.c) and the compactness of the sets X are fulfilled.
Since

Jjuwz ZEPJ )2+ Z EPj(f]

j=i+1
is bounded, we immediately see that the assumption (2.e) is fulfilled. We prove the assumption
(2.d): Since
|Ep,(fim2)*—Ep,(fi—y)’| = |Ep(2*—y* +2(y—2) f;)| < |z+yllz—y|+2lo—yl|Epfi| < delz—y],

the Lipschitz property of the function g; follows easily.
O

Remark 3.8. The problem, constructed in the proof of Remark 3.6., fulfils the assumption
(1.b) of the subsection 3.2.1.

Proof. f; are bounded and Lipschitz, so that

|(filwr) — 2)* = (filw2) — )% = | filwr) + fi(w2) — 23| fi(w1) — filws)] < Cllwr — wa]
for some C € R.
O

3.2.3 Quasi Monte Carlo

Assume that

(3.a) Q; = R i = 1,2,..., M, for some k € N and A; is Borel sigma algebra for each
1=1,2,..., M.

Further, suppose that n; = m{ for some integers m;, « = 1,2,..., M.
The Quasi Monte Carlo approximation is done a similar way as the Monte Carlo one, hence
we keep the notation of the section 3.2.2 in the present section. The “only” difference from
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the Monte Carlo is the procedure of generating the approximating distributions: For each

1<v<Mv<i<M 1<75,<n,1<j,u1<nys1,...,1 <7 <n; we put

v _ U _ _ s v .

JusJutlsendi  SJvsJutlyendi tPi(-\gy_l,ch’,]?;jl AAAAA ji_l)(UniJqu,n-Jz‘)’ <35O>
where Uy, . . . is arandom vector with the uniform distribution on a r-dimensional cube
with the edge 1/m,; such that

1% 14 14

ni7jl’7j1/+17"'717 ni7jV7jV+17"'727 Tt nivjl’?ju-‘rlv"'?ni
are i.i.d. and their supports cover the unit cube (we take P;(e|e) = P;(e) and (&, _;MZMJ-Z__I) =
- '
g1og2sgior (350))

Let us describe the procedure in words:

1. We split the unit cube into n; cubes, we generate exactly one random “observation” from
the uniform distribution on each cube and we transform each “observation” by tp,. The
resulting set serve us as atoms of the first stage approximating distribution.

2. To get atoms of the distribution, approximating P;(e| _jll,..., ji_,)» we split the unit cube into

n; cubes, generate an “observation” from each cube, and transform each “observation”

by tpee ). We repeat this step until the approximating scenario tree is completely
K G eees Ji—1

generated.

3. After the “chance” realized itself as &,_1, we approximate the v-th interior problem ac-
cording to the steps 1. and 2.

Let £y ~ P. In the present situation, we may adopt the definition of the optimality gap from
the subsection 3.2.2, i.e. we define the optimality gap of QMC approximation of MSSPP as

M
~ I 7
nnl7n27"'7nM T Z hni,...,n]\/p
i=1
Y B ) 3 3 - ) 3 3 -
hni7_,_,nM = Ep,.(wigi,l)gi(ﬂ?l, cey T, Ty, i, wi) - EPi(wi|§i,1)gi($1a ey T, Ty, it Wi)v

where %;, i = 1,2,..., M are the solutions of QMC approximation of MSSPP. If we further
assume that

(3.b) Z; is independent of &,; and
(3.c) Z; is conditionally independent of &y given &_; for each 1 < i < M

then we may derive a result analogous to Lemma 3.2.

Lemma 3.3. Let &; be measurable for each ¢ = 1,2,..., M. Then, under the assumptions
(3.a), (3.b) and (3.c) it holds that

M
ﬁnl,n27--~7n1\/j = Z E(:a:u,...,nM |£i*17 Ela S 751)

=1
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where

/vjliLi,...,nM = gM(:Cla s 71.1'7'@1#17 <. 7@M7EM) - gM(jjla R 71'1'717'@% ce 7£M7£M)'

Proof. The proof is the same as the proof of Lemma 3.2.
O

Assume, until the end of the subsection 3.2.3 that

(3.d) Xy C R™ and X;(&;_1,w;—1) C R" for each possible w; i, each &;_; feasible given w; o,
and 1 <1< M,

(3.e) each function g;(e,w;), 1 <1i < M, is uniformly lo-Lipschitz (i.e. there exists K; € R such
that |g;(&;, w;) — 9:(";, @0i)| < K;||&; — g;||2, for each possible ©; and each &;,y; feasible
giVGIl (Di_l),

(3.f) each function g;(7;,w;—1,e), 1 < i < M, is uniformly /;-Lipschitz (i.e. there exists a
constant L; such that |g;(Z;, w1, ... ,wi—1,w) — Gi(Ti, w1, ..., wi—1,w")| < Li||lw — &'||1, for
each possible w;_1, each feasible z; given w;_; and each w,w’ € ;) and

(3.g) there exist Hy, Ho, ..., Hy € R such that

‘E (gl(iz,é) E,-_l) — gi(Z;,&)| < H;

for each possible &, i=1,2,..., M.

Under these assumptions, we may formulate the following Theorem.

Theorem 3.6. Let the sets )31, ey 2\?M, defined at Theorem 3.5., be compact. Further, let
B%F/\’l(u\zl, 29y ..., 2x—1) exist for each u € (0,1), each 21, 29,...,2y_1 € R,and each 1 < X\ <k,
where k = Mk (the symbol F; denotes the first marginal d. f. of P and, for each A =2,3,... k,
F\(e|z) denotes the d. f. of the conditional distribution of the P’s A-th component given that
the first A — 1 components equal to z) and let there exist constants C' > 0 and 0 < a < 1 such
that

0
%F)\_I(U|21722, o) < Cu
for each 0 <u < 1/2, z1,29,...,2x-1 €ER, 1 <A<k, and
0 Fiu )< C—u)
— ulzy, 29, ..., 20 —u
ou A 1, <2, yAA—=1) =

foreach 1/2 <u <1, 21,2,..., 241 €ER, 1 <A<k Ifa>1-k/2and if n; = LNS/“J"“,
N; = n'M for each 1 < i < M then there exist random variables T}, T%, ... such that

Nn = ﬁnhng,...,nM < Tn

and

2—2a+
Tn = 0op <n7 21\;”N+6)

as n — oo for each arbitrarily small § > 0.

1)



Proof. Since the proof is nearly identical to the proof of Theorem 3.4., we shall keep its
notation and we shall stress only the differences from the proof of the Theorem 3.4.
Fix 1 <i< M, let d =M and define

. Z G]l 2J25e 7]1 j

an ]1_1

Since g¢; is bounded accordmg to (3.g) and Lipschitz in w; according to (3.f), since the d.f. of
the first marginal of P;(e | i) is Fri(elC) ), where k; = (i — 1)k, and since the j-th
conditional d.f. of Pi(e|(j 1) given z1,...,z_1 is Fy;(e|Cj 5 21,...,2-1), we may
apply Lemma 2.2.to the conditional distribution P;(e[¢}, ;) and get that for each n > 0
there exists a constant 0}7 independent of Z; and n; such that

,2+

Pln @) 2y

§}17-~~7ji1:| < 2exp {_nyn?}

for each n > 1 and &; € ./’?i, hence

2—2a+k

P ln, 50 @) 2 ] < 2050 {~Cind}

)

for each n > 1 and &; € X;. Similarly to the proof of Theorem 3.4., we get that

i—1

g _pici
P(n; Bi(x;) >n) <[] exp{ n; Cn} (3.51)
v=1

for each n > 1 and &; € X; (B; is defined in the proof of Theorem 3.4.) and, thanks to (3.e),

2=2atr 2—2a+k K i—1 )
P (nl " max Bi(z;) > 77) < <DZ 4y 1) I nvexp {—n?C’;/B}
v=1

CEiEXi

for some D% independent of n;, so that

2=2atr_ g n;—00
Pn; > max B;(&;) >n| — 0.

1 _
T, eX;

The same way as in the proof of Theorem 3.4., we may show that

il ! _ 2— 2a+n_6
hnl,...,n]\/[ S T17n + T17n - O <n 2M~k
and
2—2a+kKk
hzlu SNAf S E,n + 1;/7n = Op (n 2M~r 6) X

for each i = 2,..., M (T, Tj, are defined in the proof of Theorem 3.4.). By putting

M:

Tw=) [Tin+T),]

=1

we prove the present Theorem.
O
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3.3 Numerical Illustration

3.3.1 Test Problem Definition

Consider the problem of buying the unit amount of a divisible commodity under the following
conditions

1. It is possible to buy the commodity at instants 1,2, ..., M + 1 for (random) nonnegative
prices pi, p2, ..., Pm+1-

2. At each instant, it is possible to buy at most amount ¢ of the commodity.
3. Aim of the buyer is to minimize the total cost.

The mathematical definition of the problem is as follows:

mln E [p1x1 + ¢2(1 — x1)] (3.52)

0<z: <

where
¢1($) = mln E [pzxz + ¢z+1( )]

0<z

fore=2,3,..., M and

Eyviipuiz 0 <2 <9,
00 otherwise

Pu1(w) = {

(E; stands for Ep,,15,_,) and we adopt convention that min.cy g(2) = 00).
Evidently, (3.52) is M-stage MSSPP with

M M
gu(Tar, Pu) = D piti + Envabu (1 - Z%)

=1 i1
and
9i(Ti, pi) = min Ei119i41(Zs, i)
<1

0<z;11<6,3 'l

zli

3.3.2 Test Problem Solution

If we assume that 0 is such that there exists k < M + 1 fulfilling the condition k6 = 1 then
(3.52) is equivalent to

min _E [p1z1 + ¢h(1 — x1)] (3.53)

z1€{0,6}

where
Gi(w) = min E; [piri + ¢y (v = 20)]

z;€{0,0

fori=2,3,..., M and

& () = Eyipyiix ifx=0o0rxz =90
M+1 00 otherwise '
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We prove the fact by induction: From the definition of ¢;.1 we see that ¢y1(e) is piece-wise
linear convex mapping to R U{oco} with breaks at the multiples of § (we regard function g = oo
as linear).

Let 1 < i < M and assume that ¢,;_;.1(e) is piece-wise linear convex with (possible) breaks
at multiples of . If we denote

f(2) == Ey—il—py—iz + on—iga(2)].

then we may write

Pr—i(x) = 02}25 Eyvi—ilpyv—iy + on—ivi(x — )]
= i, Ervi—ilpv—iy — py—it + pavi—i% + dp—ipr (2 — y)]
= By-ipy-iz + min f (¢ —y) = Ey—ippr—iw +  min_ f(2)
= Ey_ipy—ix+ min f(z). (3.54)

r—0<z<zx

It follows from the induction assumption that f is piece-wise linear convex with (possible) breaks
at the multiples of 6. Denote (z) (one of the) points in which f(e) attains its minimum. From
the piece-wise linearity of f it follows that we may choose ((z) so that ((z) = né for some
integer n. Since f is convex, one of the optimal solution(s) of the problem min, s<.<, f(2)
happens either in {(z) (if () lies in the feasibility set), on the left boundary of the feasibility
set (if ¢ (x) lies left to the feasibility set) or on the right boundary of the feasibility set (if ¢ (x)
lies on the right of the set), i.e.

2(x) := min(max(z — 8, {(x)), z) = min(max(z — 8, nd), x) (3.55)

is an optimal solution of (3.54). It is clear that Z(e) is piecewise linear with breaks at multiples
of §. Moreover, since Z(e) is constant on [nd, (n + 1)d]) and it is either constant or linear with
the unit slope outside this interval, it has to be nondecreasing and, moreover, 2(z;) equals to a
multiple of ¢ for each break z; of Z. Therefore, f(Z(x)) is piecewise linear convex with breaks
at multiples of § and, consequently,

Ori—-i(2) = Exmapp—ix + f(2(x)) (3.56)

is piece-wise linear convex with breaks at multiples of §.

By repeating the induction step we get that ¢s is piece-wise linear with breaks at multiples
of §. Since, according to our requirements, 1 is a multiple of §, ¢, is linear on [1 — §, 1] so that
(one of the) optimal solutions of ming<,<s E[p1y + ¢2(1 — y)] happens either at x; = 0 or at
x1 = d. Therefore, (one of the) solution(s) of the second stage problem is o = 0 or zg = ¢
(it is because ¢3 is linear on [1 — 24,1 — §]). By repeating the step we get that each interior
problem has (one of the) solution(s) at 0 or at 6. Hence, the problem (3.52) is equivalent to
the problem (3.53).

3.3.3 The Illustration

In our illustration, we put
5= 1 ifM=1
Sl 1/2 M >1

78



p=1+0U,

and .
j=1
where U;, i =1,2,..., M are i.i.d. variables each having the uniform distribution on [0, 1].

Since the optimality gap of (3.52) can hardly be computed exactly, we had to approximate
it: the quantity

Zv = Epgu (@1, 22(21), -+ o En (21, Ear-1)
was computed using the discretization with M,, = 50 while
2 = Epgu (21, 22(21), ..., 8 (21,0 Bar-1))

was approximated using MC with sample size 10000 (we recall that the optimality gap equals
to Zarn — 2, see (3.11)).

The following tables show results for the three methods, examined in this work, i. e.
discretization (the optimality denoted by 7,, we have approximated the exact distribution by
a grid discretization at each stage), Monte Carlo (the expected optimality gap is denoted by
Tln = Ny vp) and Quasi Monte Carlo (the expected optimality gap is denoted by 7,) for

-----

various numbers of stages M. The numbers typed by the small font show estimated standard

errors of the MC computation of the optimality gap.

M=1
n M T T

4 00007 0.0029 00448 0.0044 00368 0.0042

49 | 0.0017 o0020  0.0449 0.0012  -0.0032 0.0020

144 | 0.0032 00020 0.0353 0001 0.0034 0.0020

289 ‘00001 0.0029 00342 0.004 —00011 0.0029

484 -00004 0.0029 00285 0.0039 00013 0.0029

729 | -0.0012 00020 0.0238 0.00ss  0.0048 0.0020

1024 | 0.0061 0.000  0.0303 .00 -0.0007 0.0029

1369 | 0.0029 0.000  0.0204 00057 0.0041 o.0020
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M=2
n T T U
8 0.0021 o.0018 0.0431 0.0022 0.0156 o.0019
27 0.0005 o.0018 0.0312 0.0021 7.2424e-06 o.001s

64 -0.0003 o.0017 0.03 0.0021 -0.0016 o.0018
125 0.0003 o.0018 0.0191 o.002 -0.0018 o.0018
216 -0.0015 o.0018 0.0177 o.0019 0.0012 o.001s
343 0.0013 o.0018 0.0104 0.0019 -0.0037 o.0018
512 -0.0021 o.0018 0.0081 o.0019 -0.0017 o.0018
729 0.0026 o0.0018 0.008 o0.0019 0.0012 o.0018
1000 0.0007 o.001s 0.0082 o.0018 0.0009 o.001s
1331 -0.0009 o.0018 0.0038 o.0018 -0.0011 o.0018
1728 0.001 o.0018 0.0061 o.001s -0.0011 o.0018
2197 0.0013 o.0018 0.0047 o.001s 0.0005 o.0018
2744 0.0005 o.0018 0.0065 o.001s -0.0009 o.001s
3375 0.004 o.0018 0.0006 o.0018 -0.0022 o.0018
4096 -0.0001 o.0018 0.0015 o.0018 0.0018 o0.0018
4913 -0.0005 o.0018 0.0023 o.001s -0.0026 o.0018
5832 0.0002 o.0018 0.0028 o.001s -0.0001 o.0018
6859 0.0012 o.0018 0.0044 o.001s 0.0011 o.001s
8000 -0.0004 o.0018 0.0015 o0.0018 -0.0003 o.0018
9261 0.0009 o.0018 0.0038 o.0018 -0.004 o.0018
10648 0.0018 o0.0018 0.0029 o.0018 0.0034 o0.0018
12167 -0.0012 o.0018 0.0025 o.0018 0.002 o.0018
13824 0.0034 o.0018 0.0028 o.001s -0.0004 o.001s
15625 -0.0015 o.0018 0.0023 o.0018 0.0003 o0.0018
17576 -0.0021 o.0018 -0.0009 o0.0018 -0.0017 o.0018
19683 0.002 o0.0018 -6.6383¢e-05 o0.0018 -0.0012 o.0018
21952 -0.0008 o.0018 0.0023 o.001s -0.0027 o.0018
24389 -0.0014 o.001s 0.0021 o.001s -0.0007 o.0018
27000 0.0013 o.0018 -0.0001 o.0018 -0.0015 o.0018
29791 0.0015 o.0018 0.0029 o.0018 0.001 o.0018
32768 0.0021 o.0018 -0.0017 o.0018 0.0008 o.0018
35937 -0.0014 o.001s -0.0024 o.001s -0.0015 o.0018
39304 -0.0027 o.0018 0.0001 o.001s -0.0011 o.0018
42875 0.0008 o.0018 -0.0002 o.001s 0.0005 o.001s
46656 -0.0004 o.0018 -0.0002 o0.0018 -0.0014 o.0018
50653 | -8.5972e-05 o0.0018 0.0017 o.0018 -0.0019 o.0018
54872 -0.0024 o.001s 0.0012 o.001s 0.0002 o.0018
59319 -0.0009 o.0018 0.0027 o.0018 -0.002 o.001s
64000 -0.0027 o.0018 0.002 o.0018 -0.0032 o.0018
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M=3

16 | 0.0011 00017 0.0331 0.002  0.0157 o0.002
81 | -0.0015 0.0017  0.0252 0002 0.0074 0.0019
256 00004 0.0017 00174 0.002 00057 0.0018
625 —0002 0.0017 002 0.002 00034 0.0018
1296 | 0.001 o.0017 0.02 00019 -0.0005 o.0018
2401 | -0.0003 0.0017  0.0196 0.0019  0.0004 0.0017
4096 | 0.0001 o0.0017  0.0155 0.0019  0.0028 o.0017
6561 00009 0.0017 00163 0.0019 —00013 0.0017
10000 _00018 0.0017 00155 0.0019 —00004 0.0017
14641 | -0.0014 0.0017  0.0095 0.0019  0.0021 0.0017
20736 | -0.0035 o.0017  0.0135 0.0019  -0.0008 o.0017
28561 | 0.0012 o001z 0.0106 0.0019  0.0017 o0.0017
38416 | 0.0007 o.0017  0.0095 0.0019 -0.0024 0.0017
50625 _00025 0.0017 001].2 0.0019 —00017 0.0017
65536 —00007 0.0017 00149 0.0019 00012 0.0017
83521 ‘00035 0.0018 00093 0.0019 —00033 0.0017
104976 | 0.0007 0.0017  0.0091 0.0019  0.0036 o0.0017
130321 | 0.0016 o001z 0.0091 0.0019  0.0026 o0.0017
16e+05 _00018 0.0017 00074 0.0019 ‘0002 0.0017
19448e+05 00002 0.0017 00077 0.0019 00009 0.0017
M=4
n Tin ﬁn ﬁn
32 0.0014 o.0017 0.0333 0.0021 0.0114 0.002
243 0.0008 o.0017 0.0254 0.0021 0.0075 0.002
1024 —00022 0.0023 00185 0.0021 00059 0.002
3125 0.0008 o0.0017 0.0193 0.0021  0.0072 0.002
7776 _00005 0.0022 00179 0.0021 00024 0.002
16807 —679956—06 0.0017 00163 0.0021 —0001 0.002
32768 0.0019 o.0017 0.0141 0.0021 0.0042 0.002
59049 0.0015 o0.0023 0.0144 0.002  -0.0012 0.002
100000 0.0005 o.0017 0.0116 0.002  -0.0014 0.002
M=5
n M T T
64 —00003 0.0023 00427 0.0022 00221 0.0021
729 00009 0.0022 00388 0.0021 00091 0.0021
4096 —925476—05 0.0022 00313 0.0021 00062 0.0021
15625 0.0038 0.0023 0.0253 0.0021 0.0057 0.0021
46656 0.0007 o0.0023 0.026 o0.0021  0.0053 o0.0022

To estimate the actual rate of convergence 77 we have used the logarithmic regression 7 =
fBn®(to be able to do so, we have treated non-positive values as outliers, i.e. we did not include
them into the regression®). The results are shown in the following table - symbol s, denotes

standard error of the regressor a.

50f course, the problem of negative values can be solved by improving accuracy. However, the computation
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M | discr. MC QMC
Q@ Sa Q@ Sa « Sa
1]-756 044 |-279 0.17 | -3.02 0.99
21-729 062 -2.1 045 -7.17 1.43
31-725 095 -3 0.13] -4.22 0.68
41 -6.75 0.68|-3.04 0.09] -3.91 0.49
51 -711 385 |-276 0.12 ] -3.1 0.33

The estimated rate of convergence of each method is O(n?®).

The results are indicating that the rates of convergence, predicted by Theorem 3.2. by
Theorem 3.5. and by Theorem 3.6., are much outperformed by our test problem: it is probably
thanks to a “smooth” structure of the problem. The most remarkable is the fact that the
convergence rates seem to be independent on the number of stages M.

took more than. 10 hours and to improve the accuracy by one digit we would have to enlarge the sample 100
times...
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Chapter 4

Conclusion

The main goal of the present work was to study and compare various techniques of the stochastic
programming problem’s approximation, namely the discretization, the Monte Carlo and the
Quasi Monte Carlo (in sense of subsection 1.2.3).

We have formulated the upper bounds of the discretization and the Monte Carlo approx-
imation error (measured by the optimality gap) for both the one-stage and the multistage
programming. However, both they are probably very conservative so that they could not be
used for the comparison.

Then we have studied the convergence rate of the approximation error at one-stage stochastic
programming. As to the discretization error, we have proved that if the value function is
uniformly Lipschitz in the random argument then the approximation error is O(n!/F=1+1/a))
where n is the number of atoms, k is the dimension of the random argument of the objective
function and —a is the convergence rate of the marginal distributions’ tails. Further, we have
shown that the Monte Carlo approximation error is O(n~" %) under the assumption that the
objective function is Lo-Lipschitz in the decision variable and that the feasibility set is compact.
Finally, we have concluded that the Quasi Monte Carlo error is o (n=1/2=(1=0)/k+8) for each § > 0
where b is a constant dependent on the distribution. The sufficient conditions for this result
were that the value function is both uniformly Lipschitz both in the random argument and the
decision variable and that the feasibility set is compact. It is obvious that the QMC is no worse
then the Monte Carlo and that the Monte Carlo is better then the discretization when k > 2
(the case k < 2 depends on the constant a). However, the result of the QMC has stronger
assumptions then that of the Monte Carlo and the assumptions of the Monte Carlo assertion
are different from those of the “discretization” assertion. Moreover, it is very important to
stress here that we are comparing upper bounds of the errors, not the errors themselves. The
opinion of the author is that the bound of the discretization error is much more conservative
then those of the MC and of the QMC.

In the case of multistage problems, we found that the discretization error is O (n
provided that all the functions defining the problem are uniformly Lipschitz in the chance
parameter (a has a meaning similar to the preceding paragraph, k is the total number of the

1/k(—=1+1/a

random parameter’s dimension). Further, we have found that the MC error is op (n_ﬁ”)
given that the functions defining the problem are uniformly Lipschitz in decision variable, that
their difference with their conditional expectations are bounded and that the union of the
feasibility sets of all the (sub)problems in compact (M denotes the number of the stages of the
problem, § > 0 is an arbitrarily small constant). Further, we have constructed an example of an
M-stage MSSPP with the functions defining the problem being uniformly Lipschitz both in the
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“chance” parameter and in the decision variable and with the expected Monte Carlo optimality
gap being O(n_l/ M) Hence, if the chance parameter is one-dimensional and bounded at each
stage, then the convergence rate, guaranteed under the given assumptions, is no worse for
the discretization then for the Monte Carlo. The case of unbounded and/or more-dimensional
random parameter depends on the constants M, k£ and a. Again we have to say, however, that
our results ar only the “worst” bounds and that the actual results may be better. Finally, we
have estimated the convergence rate of the Quasi Monte Carlo optimality gap. If the functions
defining the problem are uniformly Lipschitz both in the “chance” parameter and in the decision
variable and their difference with their conditional expectation is bounded, if the union of the
feasibility sets is compact subset of an Euclidean space and if the random parameter at each
stage is a k-dimensional real vector, then the QMC optimality gap is op(n~(272a+#)/(2Mr)+3)
where a has a similar meaning as in one-stage case. Therefore, the QMC is no worse that MC
under the given assumptions.

Hence, the comparison has no definite winner. However, if the author should solve a one
stage SPP then he would choose the QMC or, if the strong assumptions of the QMC result
were not fulfilled, he would use the discretization.

In addition to the results mentioned above, some other ones were achieved in the present
work:

e a lower bound of the Wasserstein distance of an absolutely continuous distribution and a
discrete distribution (Theorem 1.2.),

e a probabilistic upper bound of the MC estimate of the integral (Theorem 1.5.),

e the definition of the optimality gap for multistage problems (subsections 3.2.1 and 3.2.2),
its decomposition (Lemma 3.1., Lemma 3.2., Lemma 3.3.) and its upper bounds (Theorem
3.1., Theorem 3.4.).
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Appendix A

Some Quoted Results

In the Appendix, some results, used in the present work, are cited.

Theorem A.1. ([3], Lemma 3.1.) Let Y be such random variable that E exp{fY } exists and
is finite for 0 < 0 < 0y where 6y > 0. Then

PlY > y] < Eexp{0Y} x exp{—0y}

for each 0 < 8 < 6.

Theorem A.2. (Continuous Mapping Theorem, [37], p.175) Let T be continuous map from
(X,B(X)) to (¥,B(Y)) where X and ) are metric spaces and B denotes Borel sets. If P,
P1,Pa,... are probability measures defined on (X,B(&X)) such that P, — P in distribution
then T'(P,) — T'(P) in distribution.

Theorem A.3. (Central Limit Theorem for C(X), [28], Appdiz, Prop. A5). Let (2, F,P) be
a probability space and let g be a measurable mapping from €2 into C(K') where K is a compact
subset of R™. Suppose that g satisfies the £2-Lipschitz condition on K, i.e. there exists a in
L2(2,P) such that

9(21) = g(@2)| < allz1 — 222
for all 21,75 € K. Suppose also that F|g(z)|*> < oo for some x € K. Let g,, n = 1,2,..., be
independent, identically distributed observations of g. Then there exists a Gaussian random

variable = taking values in C(K) such that
VN [ g - ] 2o 2
il _ P, =
N & 9n g

and where for all z € K,
E(x) ~ N(0, cov(g(x)))-

Theorem A.4. ([/4], “Bennet’s Inequality 3.”, pp. 951-2,% and Proposition 1., p. 441) Let
X1,X,5,..., X, be independent random Variable§ with X; < b, EX; = 0 and var X; = af, for
i=1,2,...,n. Let 02 = (06?4 ... +02)/nand X = (X; + ...+ X,,)/n. Then for all A >0

P[ﬁXzA}gexp{—A? ( Ab )}

2027 \ o2\/n

!There is a misprint in the assertion. The correct version follows from the proof.
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where
U(@) = (2/2%)[(1 + 2)log(1 + z) — a].
The function ¥ has the following properties:

(a) ¥ (x) in non-increasing for x > —1,

(b) xy(x) is non-decreasing for x > —1,

(c) ¥(z) > 1+i:/3 for . > —1.
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